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Abstract
Various aspects of the theory of quantum integrable systems are reviewed.
Basic ideas behind the construction of integrable ultralocal and nonultralocal
quantum models are explored by exploiting the underlying algebraic structures
related to the Yang–Baxter equations. Physical meaning of abstract mathe-
matical notions like universal R-matrix, quantized algebras, Sklyanin algebra,
braided algebra, Hopf algebra etc. and the role played by them in integrable
systems are highlighted. Systematic construction of quantum integrable lat-
tice as well as field models and their exact excitation spectra are presented
through examples. The coordinate and algebraic formulations of the Bethe
ansatz are illustrated with comparison, along with the description of nested
and functional Bethe ansatzes. The techniques for deriving quantum Hamil-
tonians from the Lax operators are demonstrated on concrete models. The
exposition of this review is kept in a fairly elementary level with emphasis on
the physical contents.
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1 Introduction
1.1 Background and major concepts
Search for unifying theories continues in all scientific fields. In recent years we have
witnessed again the emergence of deep interconnections between seemingly diverse
subjects like quantum and statistical systems, knot and braid theories, Yang-Baxter
equation, quantized and braided algebras etc. centered around the theory of inte-
grable systems in (1 + 1) dimensions. The linkage between integrable systems and
the conformal field theory, string theory as well as with topological models have also
been revealed and a wide varieties of review articles are dedicated to these aspects
[1, 2, 3, 4, 5, 6, 7]. The aim of the present review work however, is to focus on the
subject of the integrable systems itself, concentrating mainly on the role played by the
recently discovered algebraic structures underlying this theory and their applications
in constructing and solving physical models. We attempt to present this beautiful
interplay between the abstract mathematical objects in one hand and the physical
problems in integrable quantum models in the other, in an elementary way.
The theory and applications of nonlinear Integrable systems, an immensely im-
portant subject in mathematical physics of today, has made profound influence in
many branches of physics as well as in other disciplines. The seed of its development
can possibly be traced back to 1934, when on an August day of a British engineer–
historian named Scott Russell had a chance encounter with a strange stable wave in
the Union canal of Edinburgh [8]. Next evidence of such paradoxically stable solu-
tion was found in the famous computer experiment of Fermi, Ulam and Pasta [9].
However only in the mid-sixties such phenomena were understood to be the exact
localized solutions of integrable equations like Korteweg-de Vries (KdV) equation
ut(x, t) + uxxx(x, t) + u(x, t)u(x, t)x = 0, (1.1)
solvable through inverse scattering method (ISM) [10] and were named as Solitons
[11]. Subsequently, this was revealed to be an universal feature of all nonlinear
integrable systems in (1 + 1) dimensions [12, 13, 14].
Mathematical basis of classical integrable systems was laid down mainly through
the works of Sofia Kawalewskaya, Fuchs, Painleve´, Liuoville and others [15]. There
exist in fact various definitions of integrability [15]. We however, for subsequent
generalization to the quantum models, shall adopt the notion of integrability in the
Liuoville sense, where integrability means the existence of action-angle variables.
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That is, if in a Hamiltonian system H [p(x, t), q(x, t)] given by the nonlinear equation
p˙ = −δH
δq
, q˙ =
δH
δp
, (1.2)
it is possible to find a canonical transformation (p(x, t), q(x, t))→ (a(λ), b(λ, t)) ,
such that the new Hamiltonian becomes dependent only on the action variables, i.e.
H [a(λ)] , then the system may be called completely integrable. In this case the dynam-
ical equations a˙ = − δH
δb
= 0, b˙ = δH
δa
= ω, can be trivially solved and as a bonus
we also get a(λ) as the generator of the conserved quantities ln(a(λ)) =
∑∞
j=0 cjλ
j , or
ln(a(λ)) =
∑∞
j=0 c(−j)λ
−j with c˙(±j) = 0 . The number of such independent set of
conserved quantities {cj} coincides with the degree of freedom of the system, which
in case of field models with infinite degrees of freedom also becomes infinite. One of
these conserved quantities may be considered as the Hamiltonian of the system. For
example, for the KdV equation c(−3) is usually taken as the Hamiltonian. For dis-
crete systems with finite number of particles, only N number of conserved quantities
(usually first N) among an infinite set turns out to be independent. Therefore the
existence of infinite set of conserved quantities itself is not enough, their involution
(commutativity) must also be established for concluding the complete integrability.
We shall see later that the validity of the famous Yang–Baxter equation usually
guarantees such involution, even in the quantum case.
The major development in the theory of integrable systems has been achieved
in seventies and eighties with the invention and application of ISM [13, 14, 8]. The
important feature of this method is that, instead of attacking the nonlinear equation
(1.2) directly, one constructs corresponding linear scattering problem
Tx(x, λ) = L(q(x, t), p(x, t), λ) T (x, λ), (1.3)
where the Lax operator L(q, p, λ) with the fields q, p contains all information about
the original nonlinear system. Some concrete examples of Lax operators are given
with the list of integrable models in sect. 2. The parameter λ, known as the spectral
parameter, acts like the momentum or the rapidity of the scattering waves, while
the original field q becomes the scattering potential. Interestingly, the function a(λ)
related to the transition and b(λ, t) to the reflection coefficient of the scattering
process are linked with the action and the angle variables, respectively. The aim
of the ISM is presizely to find the canonical mapping between the original field
and the action-angle variables and using this to construct the exact solutions for
the original field. Soliton solution is a special solution, which corresponds to the
reflectionless (b = 0) potential and the form of a(λ) as a(λ) =
∏m
i
λ−λi
λ−λ∗
i
, with
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zeroes (poles) at discrete points λi (λ
∗
i ) in the complex spectral parameter plane.
We shall see in sect. 7 that even in quantum problems some bound states (called
string solutions) exhibit such solitonic structure. The Hamiltonian is identified from
the infinite set of conserved quantities {cj}, generated by ln a(λ), by knowing the
Poisson bracket and the dynamical equation. The Lax operator L(q, p, λ) therefore
is the true representative of an integrable system and together with the Poisson
bracket can generate the whole integrable hierarchy. This fact makes the systematic
construction of the Lax operators, to which a major portion of the present review is
devoted, so important.
A new era started with the formulation of quantum inverse scattering method
(QISM) by extending the notion of integrability to the quantum domain [16, 17, 18].
To highlight various aspects of quantum integrable systems is the main purpose of the
current review. The action–angle variables in the quantum case become operators
with generalized commutation relation
A(λ)B(µ) = f(λ− µ)B(µ)A(λ) (1.4)
For concluding complete integrability of a quantum system, the infinite set of con-
served quantities, which now become operators must be in involution: [Cn, Cm] = 0.
This is guaranteed by [τ(λ), τ(µ)] = 0 , since the transfer matrix τ(λ) generates
the conserved operators : ln τ(λ) =
∑
j Cjλ
j. The existence of commuting transfer
matrices in turn is assured by the matrix relation known as the Quantum Yang–
Baxter equation (QYBE) R(λ, µ) T1(λ) T2(µ) = T2(µ) T1(λ) R(λ, µ), T1 =
T ⊗ I, T2 = I ⊗ T, involving the quantum R(λ, µ)-matrix and the monodromy
matrix T (λ) =
∏N
i=1 Li(λ) , where Li(λ) is the Lax operator of the correspond-
ing lattice model at point i and τ(λ) = trT (λ) . The QYBE associated with the
quantum integrable systems and ensuring the commutativity of action variables for
different λ, exhibits amazingly rich algebraic properties. It represents in fact a set of
generalized commutation relations like (1.4) between action and angle like variables
given in the matrix form.
For the commonly discussed models known as ultralocal models, the Lax operators
commute at different points: [L1i, L2j ] = 0 aand the above QYBE can be obtained
as a consequence of its local version
R(λ, µ) Lj1(λ) Lj2(µ) = Lj2(µ) Lj1(λ) R(λ, µ), j = 1, . . . , N. (1.5)
On the other hand, for rest of the models constituting another important class, known
as nonultralocal models [20, 19, 21] we have [L1i, L2j ] 6= 0 , and the QYBE (1.5)
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has to be extended to its braided version (BQYBE)
R12(λ− µ)Z−121 L1j(λ)Z˜21L2j(µ) = Z−112 L2j(µ)Z˜12L1j(λ)R12(λ− µ). (1.6)
with additional matrices Z, Z˜. For describing the integrability one has to complement
(1.6) also with commutation relations between L1i, L2j at different lattice points
i 6= j, known as braiding relations. As a result the local BQYBE can be raised to
the global level giving braided QYBE for the monodromy matrix similar to (1.6).
1.2 Guide to the contents of the review
We detail the basic idea behind the quantum and statistical integrable systems in sect.
2, by introducing quantum R-matrices, Lax operators, Yang–Baxter equations and
their extensions [22, 23, 16, 21]. We also present here a list of well known quantum
integrable models of both ultralocal and nonultralocal type along with their explicit
Lax operators, belonging to the trigonometric Rtrig(λ) as well as to the rational
Rrat(λ) matrices.
We focus on the algebraic aspects of the quantum integrable systems [25, 26,
27, 28, 29] in sect. 3. The significance of Hopf algebras in integrable systems is
stressed by showing how the local and global QYBE relations are linked together
through the related coproduct properties and how and why they differ for ultralocal
and nonultralocal systems, depending on their underlying algebraic structures [21].
The origin of quantum algebras [30, 25] in integrable theory is traced out and the
fascinating structures like quadratic Sklyanin algebra [31], its extensions [33], the
Yangian algebra [25, 34] and the braided [35] and quantized braided algebra [36, 37]
are explored through quantum Yang-Baxter like equations. The notions of quantum
group [139], Faddeev–Reshitikhin–Takhtajan (FRT) algebra [42], Hecke and Birman-
Wenzl-Murakami algebra [4] are also introduced in this section. Abstraction of the
quantum R-matrix can also be raised to another level of algebraic sophistication
by defining an Universal R-matrix intertwining between two different coproducts in
an quasi-triangular Hopf algebra [25, 38]. The Universal R-matrix for the general
reductive Lie algebras [39, 40] is constructed here with the intention of its subsequent
application in the next section.
Such abstract algebraic notions have not only enriched the integrable systems
alone, but also the algebraic aspects of the quantum integrable theory have made
profound influence on pure mathematics, by introducing examples of noncocommut-
ing and quasi-triangular Hopf algebras [25], giving FRT formulation of dual algebras
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[42] and introducing various knot and link polynomials through Yang-Baxter algebra
[4].
For systematic construction of the key objects involved in the quantum integrable
ultralocal theory, a Yang-Baxterization scheme [43, 40] is formulated in sect. 4 by
exploiting the universal R-matrix. The richness of this abstract object is shown from
the application point of view, by deriving from it the FRT relations, QYBE, YBE
and most importantly the spectral parameter dependent quantum R-matrices and
the Lax operators. The models thus generated through realizations of the underlying
quantum algebra and its undeformed limit include the well known sine-Gordon (SG)
equation, nonlinear Schro¨dinger (NLS) equation and the XXZ,XXX spin-1
2
models
as well as the multicomponent Toda field equations [44]. Twisting transformation
of the Hopf algebra [45] also allows to construct from the R the colored and twisted
generalizations of the models.
For covering wider class of models an extension of the trigonometric Sklyanin al-
gebra (ETSA) [27] is considered in sect. 5, which through Yang-Baxterization leads
to the construction of some integrable ancestor model. Different realizations of the
underlying ETSA generate variety of quantum integrable models in a systematic
way. Such models include Liuoville model [46], massive Thirring model [18], rela-
tivistic Toda chains [47], Ablowitz–Ladik model [48], quantum derivative NLS [49]
, q-oscillator models etc. apart from the quantum algebra related models found in
sect. 4. All these descendant models are associated with the same quantum Rtrig
matrix of trigonometric type. At q → 1 limit linked to the Yangian algebra, one can
construct similarly the related ancestor model for generating its integrable family
of descendant models associated with the rational Rrat-matrix solution. An added
advantage of this approach is that, one can get directly the exact lattice regularized
Lax operators, which are otherwise difficult to guess from the known field models.
Such discrete Lax operators, apart from their own interest, yield also the correspond-
ing field models at vanishing lattice spacing. In this approach one starts from a
known R-matrix solutions and constructs subsequently the Lax operator of an an-
cestor model involving generators of quantized algebra, determined by the QYBE.
Different reductions of this ancestor model through suitable realizations in physical
variables like bosons, spin operators or q-oscillators [94] generate in turn wide range
of integrable descendant models. The result also brings out the hidden interrelations
between diverse models and classifies them according to the associated R-matrix.
Various realizations of the extended quadratic algebra provides important criteria for
recognizing integrable nonlinearities. To focus on such application aspects of abstract
10
algebraic objects in quantum integrable theory is the main objective of this section.
The monodromy matrix is formed by multiplying local Lax operators and the
conserved quantities are found by expanding the trace of the monodromy matrix in
the spectral parameter. However, the explicit construction of the conserved operators
including the Hamiltonian is often a difficult task in quantum models. We take up
this issue in sect. 6. For the fundamental models [50], which include spin chains
and Hubberd model, we derive the Hamiltonians in explicit form starting from the
associated Lax operators. The construction of twisted, colored, impurity as well
as inhomogeneous models are also discussed here. The generalized spin model and
the projector methods for constructing the Hamiltonian of nonfundamental models
[51, 50], e.g. bosonic models are described on the example of lattice NLS and the
related difficulties for the lattice SG model are pointed out. Some special examples of
nonfundamental models like Toda chains, a simpler lattice NLS [52] allowing explicit
construction of Hamiltonian are highlighted.
A problem of significant physical interest in quantum models is to find the energy
spectrum by solving the eigenvalue problem H | m >= Em | m >, where H is
a nonlinear Hamiltonian operator and | m > is the m-particle eigenstate. In case
of integrable models this problem is usually solvable in an exact and nonperturba-
tive way. Moreover, one can even find the eigenvalues Λ(λ) for all other conserved
quantities from the transfer matrix: ln τ(λ) | m >= lnΛ(λ) | m > by expanding
lnΛ(λ) =
∑∞
j=0 cjλ
j , similar to the classical case. Interestingly, in this formulation
the angle variable B(λ) acts like the creation operator and the m-particle state
| m > can be obtained by applying m times the operators B(λi), i ∈ [1, m] on the
pseudovacuum | 0 >. Therefore using the generalized commutation relation (1.4)
and the properties of the pseudovacuum, one can calculate the required eigenvalues
Λ(λ). We discuss in sect. 7 the basic concepts of the Bethe ansatz method, a pow-
erful method for solving the eigenvalue problem exactly. Its algebraic formulation
[22, 16, 53, 23, 1] is explained on examples of spin models like XXZ and XXX
chains and bosonic models like the SG and the NLS. We consider in parallel the
coordinate formulation [55, 17, 22, 56] introduced by Bethe way back in 1931 [54], on
the same examples, mainly to bring out the linkage between these two approaches. In
considering more general algebraic structures, the nested Bethe ansatz method [57]
is described for the models like the Hubberd and the vector NLS and the functional
Bethe ansatz method [58, 59] is demonstrated on the examples of relativistic and
nonrelativistic Toda chains.
Our next concern in sect. 8 is another major and important class of integrable
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models, namely quantum nonultralocal models, discussions of which are usually
avoided in general reviews, due to the nonavailability of their well framed theories
apart from the studies in [19]. Such systems, examples of which are well known
models like KdV and modified KdV [13], nonlinear σ-model [60], WZWN model
[61], complex SG model [62] etc. are difficult to tackle, mainly due to the presence
of derivative δ-function type terms in their commutation relations. This makes
the transition from local to the global QYBE difficult and the application of the
standard Yang-Baxter relations related to the quantum algebra fails for such systems.
However, based on the concept of quantized braided algebra [36, 37], the integrability
of nonultralocal models may be formulated [21], much in parallel to the ultralocal
case, through braided extensions of the QYBE and a trace factorization [63, 64]. The
applicability of this theory is demonstrated on nonultralocal models like modified
KdV [65], WZWN model [61], nonabelian Toda chain [66], quantum mapping [67],
Coulomb gas picture of CFT [68] etc. It is remarkable that the supersymmetric [69]
and anyonic [70] integrable models as well as the systems related to the reflection
equation [63] also fit well in this formulation.
Finally we discuss in sect. 9 some recent developments in this subject and few
open problems, the starting concepts of which are mostly contained in the present
review. Our discussions are focused on the multicomponent extension of the ETSA
[33] with possible applications, Cologero-Sutherland spin model [71], its possible R-
matrix formulation [72] and deformed Yangian symmetry [73], finite size correction
and conformal properties of the integrable systems [74], quantum mKdV and its
application for an alternative formulation of CFT [75], reaction-diffusion equation as
integrable system [76]. We discuss further some newly discovered ladder symmetric
models [77, 149], recent development in elliptic quantum group [78], the possibility
of generating coupled spin chains and extension of Hubberd model through twisting
transformation [79] and finally the problem in constructing quantum KdV, nonlinear
σ-model and complex SG model as quantum nonultralocal systems.
In sect. 10 we conclude with a few remarks.
The arrangement of this paper is outlined in the contents.
2 Quantum integrable systems: basic features
and properties
The Lax operator, a key object in classical integrable systems [13] is generalized to the
quantum case, where it continues to play a major role. Its matrix elements, classically
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being functions of field variables, become now quantum operators. Examples of such
quantum Lax operators as 2× 2 matrices representing a variety of integrable models
are listed in sect. 2.4. The explicit form of the Lax operator determines the associated
quantum model. We show here how the integrability of such models are ensured by
certain relations, known as the quantum Yang-Baxter equation (QYBE), satisfied
by their Lax operators. As a result, using the Lax operator one can construct the
commuting family of conserved quantities including the Hamiltonian.
Quantum integrable systems (QIS) can be divided into two broad classes: ul-
tralocal and nonultralocal depending on an important property of their representative
Lax operators Lai(λ), where a and i denote the auxiliary and the quantum spaces,
respectively and λ is the spectral parameter. For ultralocal QIS, which include well
known models like Nonlinear Schro¨dinger equation, sine-Gordon model, Toda chain,
etc. the Lax operators exhibit a common ultralocality property, i.e. they commute at
different lattice points i 6= j: [L1i(λ), L2j(µ)] = 0 (see fig 2.1). We shall see that this
fact is actively used in constructing the QYBE. On the other hand, the nonultralo-
cal models, which include also famous models like quantum KdV , supersymmetric
models, nonlinear σ model, WZWN model etc. are characterized by more general
property with [L1i(λ), L2j(µ)] 6= 0. This makes the formulation of their integrability
theory difficult and the associated QYBE needs to be extended along with specifying
additional braiding relations at different lattice points. We introduce basic equations
for quantum integrability of both ultralocal and nonultralocal models, which depend
crucially on the algebraic properties of the associated Lax operators. We should men-
tion however, that compared to ultralocal models the integrability of nonultralocal
systems is more involved and not yet well established.
2.1 Integrability of quantum ultralocal models: Yang-
Baxter equations
For better understanding of algebraic structures of Lax operators for ultralocal mod-
els, let us consider first usual matrices A, B, C, D satisfying the obvious relation
(A1B2) = (B2A1) or [A1, B2] = 0, (2.7)
and the standard multiplication rule
(A⊗B)(C ⊗D) = (AC ⊗ BD) (2.8)
where A1 ≡ A ⊗ 1, B2 = 1 ⊗ B. If we choose now A = Li(λ), B = Li(µ) as
Lax operators at the same lattice points and check for the relation (2.7), we see
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immediately its nonvalidity due to the noncommuting nature of the matrix elements
of the quantum Lax operators. The equation in effect turns into the famous QYBE
(see fig. 2.2 for i = 3)
R12(λ, µ)L1j(λ)L2j(µ) = L2j(µ) L1j(λ)R12(λ, µ), (2.9)
where a matrix R12 with c-number elements appears to compensate for the non-
commutativity of quantum L. This is the basic reason for the nontrivial algebras
underlying such integrable systems. There are two main types of R(λ, µ)-matrices
we will be interested in, which are given through trigonometric or rational functions
of the spectral parameters λ−µ. The explicit forms of such matrices will be obtained
below.
Note however that for the choice A = Li+1(µ), B = Li(λ) at different lattice
points, the trivial commutation (2.7) is indeed satisfied due the ultralocal nature
of the Lax operators. Let us choose the matrices through Lax operators again at
different lattice points as A = Li+1(λ), B = Li+1(µ), C = Li(λ), D = Li(µ) and
turn to the multiplication rule (2.8). We observe that this rule holds whenever B2 and
C1 commute and therefore, it remains valid also for our choice due to the ultralocality
condition on Lax operators resulting (see fig. 2.3)
(L1i+1(λ)L2i+1(µ))(L1i(λ)L2i(µ)) = (L1i+1(λ)L1i(λ))(L2i+1(µ)L2i(µ)) (2.10)
We show now that combining two commutation relations (2.9) and (2.10) of the local
Lax operators, one can derive the global QYBE essential for proving integrability,
which in fact is a global property. Start from QYBE (2.9) at point i + 1 ( fig. 2.2),
multiply both sides by (L1i(λ)L2i(µ)) and apply in the rhs the same QYBE at i to
flip the R-matrix to the extreme right (see fig 2.4).
We use next the relation (2.10) (fig. 2.3) and the one obtained from it by inter-
changing 1 ↔ 2 and λ ↔ µ to put together the Lax operators acting in the same
space 1 or 2 in both the lhs and rhs. As a result we arrive again at the same form
of QYBE but for a nonlocal object T [i+1,i]a (λ) = Lai+1(λ)Lai(λ) (see fig. 2.5).
Repeating this globalization step N times we finally obtain the global QYBE (fig
2.6a)
R12(λ, µ) T1(λ) T2(µ) = T2(µ) T1(λ) R12(λ, µ), (2.11)
for the monodromy matrix T (λ) =
∏N
i Li(λ) (fig 2.6b). We shall come back to this
important transition from local to global QYBE related to the coproduct property
of the underlying Hopf algebra in sect. 3.
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Taking now the trace from both the sides of (2.11) and using cyclic rotation of
matrices under trace, we get
tr12 (T1(λ) T2(µ)) = tr12
(
R−1T2(µ) T1(λ) R
)
= tr12 (T2(µ) T1(λ))
Further with the obvious property tr12(T1T2) = tr1(T1)tr2(T2) we obtain the trace
factorization tr(T (λ)) tr(T (µ)) = tr(T (µ)) tr(T (µ)) or for the transfer matrix τ(λ) =
trT (λ) the trivial commutation (see fig. 2.7)
[τ(λ) , τ(µ) ] = 0. (2.12)
As in the classical case, τ(λ) generates the conserved quantities usually as ln τ(λ) =
Σ∞n=0Cnλ
n. Therefore the commuting transfer matrices at different spectral param-
eters (2.12) lead to the involution [Cn, Cm] = 0, i.e. to the independence of the
infinite number (in general) of conserved quantities, which thus proves the exact in-
tegrability of the quantum system in the Liouville sense. Tracing back this logical
chain, we see therefore that the integrability is guaranteed by the relation (2.12),
which is originated from the global QYBE (2.11) and that in turn is obtained from
the local QYBE (2.9) under the ultralocality constraint (2.10). Consequently, QYBE
(2.9) may be considered as the key equation for ultralocal integrable systems repre-
sented by the Lax operator Li(λ) and the quantum R(λ, µ)-matrix. For deriving an
independent equation for the R(λ, µ)-matrix, one can start with the triple product
L1i(λ)L2i(µ)L3i(ν) and revert the ordering by flipping successively two operators at a
time using (2.9). Clearly this can be done in two different ways :(12)→ (13)→ (23)
and (23) → (13) → (12), which due to associativity should be equivalent and yield
the equation
R12(λ, µ) R13(λ, ν) R23(µ, ν) = R23(µ, ν) R13(λ, ν) R12(λ, µ) ., (2.13)
known as the Yang-Baxter equation (YBE). The equivalence of these two scattering
paths can also be visualized as in fig. 2.8.
It should be mentioned that the trigonometric solutions of YBE, we are interested
in, in the limit λ→ ±∞ goes toR12(λ, µ)→ R±q12 with q = eiη, the spectral parameter
free solutions R±q of
R12 R13 R23 = R23 R13 R12 (2.14)
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given in the upper and lower triangular form as
R+q =

q
1 q − q−1
1
q
 , R−q = P (R+q )−1 P =

q−1
1
−(q − q−1) 1
q−1

(2.15)
with permutation operator P . These solutions are related to the braid group repre-
sentations as Rˇ = PR±q .
Note that the spectral independent equation (2.14) is obtained as the limiting
case λ → ∞, µ → ∞ of YBE (2.13), when the QYBE (2.9) also becomes spectral
parameter free. Taking therefore different sets of limits λ → ∞, µ → ∞, λ →
−∞, µ→ −∞, λ→∞, µ→ −∞ etc. with λ− µ→∞ we obtain from (2.9) the
relations
R+q12L
±
1j L
±
2j = L
±
2j L
±
1jR
+
q12, R
+
q12L
+
1j L
−
2j = L
−
2j L
+
1jR
+
q12, (2.16)
where L(λ)|λ→±∞ → L± are spectral parameter free upper (lower)-triangular ma-
trices. We shall return to such equations in sect. 3 for describing the underlying
algebraic structures and in sect. 5 for the construction of Lax operator through
Yang-Baxterization. The spectral parameter dependent Lax operator L(λ) and the
R(λ, µ)-matrix are sufficient, in principle, for constructing infinite number of con-
served quantities and also for solving the corresponding eigenvalue problem exactly.
We demonstrate these features in subsequent sections and show how exploiting the
underlying algebraic structures the Lax operators can be generated systematically.
2.1.1 Relation with statistical system, R-matrix solutions
The (1+1) dimensional quantum systems are intimately connected with 2 dimensional
classical statistical systems and the notion of integrability is equivalent in both these
cases. While in the quantum systems the QYBE (2.9) is the central, for statistical
models similar role is played by the YBE (2.13). Let us consider a 2-dimensional
array of N ×M lattice points connected by the bonds assigned with +ve (-ve) signs
or equivalently, with right, up (left, down) arrows in a random way (see fig. 2.9).
For this classical statistical system known as vertex model, the partition function
Z should give the probability of appearance of all possible arrangements on the whole
structure. However, for analyzing this global property one should know first the local
ones by finding the probability of occurrence of a particular arrangement at a fixed
lattice point i. For two allowed signs on each bond, 22 = 4 possibilities would appear
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in the horizontal (H) and 4 in the vertical (V) direction. This accounts for the
4 × 4 = 16 possible arrangements at each lattice point. Setting the corresponding
Boltzmann weights as the matrix elements of a 4× 4-matrix, we get the R(i)12 -matrix
acting on the product space (product of H and V spaces) V1⊗V2. Parametrization of
Boltzmann weights makes a crucial dependence of the R matrix on spectral parameter
λ. For finding out the configuration probability for a string of N -lattice points,
the R(i)-matrices at different sites in a row should be matrix multiplied to give the
transfer matrix τ(~α, ~β) = tr(
∏N
i R
(i)). It is important to note that in this expression
the horizontal indices µi enter only as summation or repeated indices (see fig.2.9).
The tr appears also for the same reason from the extreme ends due to the periodic
boundary condition. As a result the transfer matrix τ(~α, ~β) depends solely on the V -
space (see fig. 2.9). V -space is usually called the quantum space due to its significance
for quantum models, while the H-space is named as the auxiliary space. For finding
the partition function involving M such strings, one has to repeat the procedure M
times to give Z = tr(
∏M T ) = tr(TM).
The YBE (2.13) restricts the solution of the R-matrix to integrable models. How-
ever the R matrix with 16 different Boltzmann weights, representing in general a
16-vertex model is difficult to solve. Therefore usually some extra symmetry and
conditions are imposed on the R-matrix to simplify its solution. For example, we
shall require the charge conserving symmetry Rijkl 6= 0, , only when k + l = i + j,
i.e. the nontrivial elements to exist only when the sum of incoming charges = sum
of outgoing charges, along with a charge or arrow reversing symmetry (see fig. 2.10).
Using an overall normalization it leads to a 6-vertex model expressed as
R(λ) =

a(λ)
b(λ) 1
1 b(λ)
a(λ)
 . (2.17)
where a(λ), b(λ) are unknown functions of the difference λ − µ, and the spectral
parameters λ and µ parametrizing the Boltzmann weights correspond to different
pairs of spaces. Inserting this form of R-matrix in the integrability condition YBE
(2.13), one gets simple equations like a(λ − µ)b(λ) − a(λ)b(λ − µ) − b(µ) = 0 ,
giving a solution through trigonometric functions in spectral parameters as
a(λ) =
sin(λ+ α)
sinα
, b(λ) =
sinλ
sinα
, (2.18)
Here α is the parameter fixed for a certain model, while the spectral parameter λ is a
variable one. Apart from (2.18) the YBE (2.13) allows also another simpler solution
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of (2.17) given through rational functions in spectral parameters:
a(λ) =
λ+ α
α
, b(λ) =
λ
α
, (2.19)
We do not take up more general elliptic R-matrix solution [23, 22], except indicating
only its relation with the Sklyanin algebra [31] and the elliptic quantum group [78]
in sect. 3 and 9. Apart from the XY Z spin chain and the 8-vertex statistical model,
there seems to be not many important models associated with the elliptic case and
the underlying algebraic picture, except some recent developments [78], is also not
much clear.
2.1.2 Quantum Lax operators of ultralocal models
To understand the structure of the Lax operators better and to illuminate the rela-
tionship between the R and L matrices appearing in the QYBE (2.9), we consider in
the above picture (fig 2.9) a situation, when the quantum (V ) and the auxiliary (H)
spaces become inequivalent. That is keeping the H-space to be of dimension 4, the
V -space is extended to arbitrary dimensions. The R-matrix then turns into a 2× 2-
matrix: R12(λ)→ L1(λ) ∈ V1⊗V, with its elements becoming operators acting in
a Hilbert space, where to distinguish we denote the arbitrary dimensional quantum
spaces by bold letters. This L-operator corresponds to the familiar quantum Lax
operator, which similar to the R-matrices of the statistical models, constructs mon-
odromy and transfer matrices for the global description of the associated quantum
system.
If we choose for example, the space 3 to be quantum and nonisomorphic to 1 and
2, then we have R13(λ) = L1(λ) and R23(µ) = L2(µ), with R12(λ − µ) remaining
the same. As a result, the integrability equation YBE (2.13) for the R matrix of the
statistical systems turns into the QYBE (2.9) involving both R and L and describing
the integrability of the quantum systems (compare fig. 2.2 and 2.8). Conversely,
when the quantum and the auxiliary spaces become isomorphic, the L , R matrices
become equivalent and the YBE and QYBE coincide. This happens in the case of
fundamental models like spin models.
The R-matrix appearing in the statistical and the quantum systems however are
equivalent and given by (2.17), which can also be rewritten as
R12(λ− µ) = Σ3i=0 ωi(λ− µ)σi ⊗ σi, σ0 =
1
2
I (2.20)
with ωi(λ) being the Boltzmann weights given by ω0(λ) = a(λ) + b(λ), ω3(λ) =
a(λ)− b(λ), ω1 = ω2 = 1 and σi are the Pauli matrices. For inequivalent spaces we
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may expect the associated Lax operator to be of the form
L(λ) = Σ3i=0 ωi(λ)σ
i ⊗ Si, σ0 = 1
2
I (2.21)
by replacing σi’s with some abstract operators Si acting in the quantum space. We
shall see in sect. 3, that such operators generate certain quadratic algebra intimately
connected to the well known quantum algebra [25]. Different realizations of (2.21)
yield different Lax operators representing a class of integrable quantum models, as will
be demonstrated in sect. 4. Remarkably therefore, the same trigonometric R-matrix
(2.18) of the 6-vertex model is associated with a variety of integrable quantum models
like the XXZ spin chain, sine-Gordon model, Liouville model, massive Thirring
model, derivative nonlinear Schro¨dinger equation, Ablowitz–Ladik model etc. This
intriguing fact will be elaborated further in sect. 4 and 5, while a list of such systems
with some necessary information is given below.
Before looking into relevant limits of the parameters, let us clarify certain points
in view of some confusing remarks that are often encountered in the literature in this
regard. First we note that, in quantum models the discrete Lax operator Ln(ξ, η,∆)
like (2.31) contains the spectral parameter ξ = eiηλ, parameter η and the lattice
spacing ∆, but not directly h¯. On the other hand, the R(ξ, α)-matrix (2.17) is in-
dependent of ∆, but depends on the parameter α = h¯η, i.e on η as well as on the
quantum parameter h¯. The parameter α induced by the R-matrix is also present in
the quantum commutators of the operators involved in Ln. The parameter η repre-
sents the coupling constant of the quantum models (e.g. anisotropy parameter in the
XXZ spin chain) and defines at the same time the deforming parameter q = eiη of
the underlying quantum algebra.
Therefore the classical limit h¯→ 0 affects the R-matrix as
R(λ˜, α) = I + h¯r(λ˜, η) +O(h¯) (2.22)
yielding the classical r(λ˜, η) matrix with λ˜ = ηλ , which determines the structure
constants in the Poisson bracket relations among the corresponding Lax operators.
However, the classical form of the Lax operator stays almost the same, except only
for the obvious replacement of the field operators by field functions.
On the other hand at ∆→ 0, the discrete Lax operators get affected by reducing
to the continuum limit
Ln(λ˜, η,∆) = I +∆L(x, λ˜, η) +O(∆), (2.23)
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while the R-matrix remains the same for both discrete as well as the field models.
For example, at this limit (2.31) turns into the well known Lax operator of the sine-
Gordon field model (2.25), but with the same trigonometric R-matrix (2.18).
At η → 0, when the deformation parameter q = eiη → 1+iη one gets an altogether
different class of models. Since both R(ξ, h¯η) and L(ξ, η)-matrices depend on this
parameter, both of them transform at this limit with the spectral parameter reducing
to ξ ≡ eiηλ → 1 + iηλ. The trigonometric R-matrix (2.18) reduces clearly to the
rational solution (2.19), while the L operator (2.21) reducing to
L(λ) = λ+ Σ3a=1 (σ
a ⊗ sa) , (2.24)
with an irrelevant scaling of the spectral parameter. Sa → sa are simply the genera-
tors of the undeformed sl(2). Expressing sa through spin or bosonic operators, (2.24)
can generate Lax operators of the isotropic XXX spin chain and the NLS model. A
list of such models, associated with the same rational R-matrix is given below.
2.1.3 List of quantum integrable ultralocal models
We present for ready references a list of important ultralocal models with defining
Hamiltonian or the evolution equation, along with their representative Lax operators.
The 2× 2 discrete Lax operators Ln(λ) and the continuum ones L(λ), given here are
expressed through matrices
e1 ≡ 1
2
(1+σ3) =
 1 0
0 0
 , e2 ≡ 1
2
(1−σ3) =
 0 0
0 1
 , σ+ =
 0 1
0 0
 , σ− =
 0 0
1 0

and σ3 = e1 − e2. The matrix elements of the discrete Lax operators are realized in
Pauli matrices σan, bosonic operators un, qn, ψn with commutation relations [qn, pm] =
[un, pm] = [ψn, ψ
†
m] =
h¯
∆
δnm or in q-oscillators of different types. The corresponding
continuum Lax operators L involve bosonic fields u(x, t), ψ(x, t) with [u(x), p(y)] =
h¯δ(x− y) or [ψ(x), ψ†(y)] = h¯δ(x− y).
These ultralocal models are quantum integrable and associated with either
trigonometric or the rational R(λ)-matrix and ,in principle, exactly solvable by the
quantum inverse scattering method (QISM) [17, 16], based on the R and Lmatrix for-
malism and the Bethe ansatz method described in sect. 7. The underlying algebraic
structures, generation of the Lax operators and the construction of Hamiltonians for
these models will be discussed in the following sections. However it should be men-
tioned, that for some models the explicit quantum Hamiltonian is difficult to find
and therefore for them we provide only the corresponding classical analogs.
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I. Models with trigonometric Rtrig(λ)-matrix
Listed below are some field as well as lattice models, all associated with the
trigonometric R-matrix (2.18). We have used the notations p ≡ ut, ξ = e−iλ and ∆
is the lattice spacing.
i) Field models:
1. Sine-Gordon model (SG) [24]
u(x, t)tt −u(x, t)xx = m
2
η
sin ηu(x, t),
Lsg = ip σ3 +m sin(λ− ηu)σ+ +m sin(λ+ ηu)σ− (2.25)
2. Liouville model (LM) [18]
u(x, t)tt − u(x, t)xx = 1
2
e2ηu(x,t), Llm = i
 p ξeηu
1
ξ
eηu − p
 . (2.26)
4. Derivative NLS model (DNLS) [49]
iψ(x, t)t − ψ(x, t)xx + 4i(ψ†(x.t)ψ(x, t))ψ(x, t) = 0,
Ldnls = i
(
(−1
4
ξ2 + k−ψ
†ψ e1) + ξψ†σ+ + ξψσ− + (
1
4
ξ2 − k+ψ†ψ) e2
)
. (2.27)
5. Massive Thirring model (bosonic) (MTM) [18]
L =
∫
dxψ¯(iγµ∂µ −m)ψ − 1
2
gjµjµ j
µ = ψ¯γµψ, [ψa(x).ψ
†
b
(y)] = h¯δabδ(x− y)
Lmtm = i
 14( 1ξ2 − ξ2) + k−ρ1 − k+ρ2 ξψ†1 + 1ξψ†2
ξψ1 +
1
ξ
ψ2 −14( 1ξ2 − ξ2)− k+ρ1 + k−ρ2
 . (2.28)
ii) Lattice Models:
1. Anisotropic XXZ spin chain (related to 6-vertex model) [23]
H = J
N∑
n
(σ1nσ
1
n+1 + σ
2
nσ
2
n+1 + cos ησ
3
nσ
3
n+1),
L(xxz)n (ξ) = i[sin(λ+ ησ
3σ3n) + sin η(σ
+σ−n + σ
−σ+n )]. (2.29)
2. Wu-McCoy spin chain (corresponds to asymmetric 6V (1) model) (WM)[80, 81]
H =
N∑
n
cos θ(σ1nσ
1
n+1 + σ
2
nσ
2
n+1) + cos ησ
3
nσ
3
n+1 +
i
2
sin θ(σ+n σ
−
n+1 − σ−n σ+n+1),
L(wm)n (ξ) =
 e−i θ2 (1ξφ+n + ξφ−n ) 2i sinασ−n
2i sinασ+n − ei
θ
2 (1
ξ
φ−n + ξφ
+
n )
 , where φ±n = e i2 (θ±α)σ3n (2.30)
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3. Lattice sine-Gordon model (LSG) [50]
L(lsg)n (ξ) = (g(un) e
ipn∆ e1 + e−ipn∆ g(un) e
2)
+ σ+m∆sin(λ− ηun)σ+ +m∆sin(λ+ ηun)σ−), (2.31)
where g(un) =
[
1 + 1
2
m2∆2 cos 2η(un +
1
2
)
] 1
2 .
4. Lattice Liouville model (LLM) [82]
L(llm)n (ξ) =
 epn∆ f(un) ∆ξeηun
∆
ξ
eηun f(un) e
−pn∆
 where f(un) = [1+∆2eη(2un+i)] 12 . (2.32)
5.Lattice version of DNLS model (LDNLS) ( q-oscillator model)[49]
L(ldnls)n (ξ) = (
1
ξ
q−Nn − iξ∆
4
qNn+1) e1 + (
1
ξ
qNn +
iξ∆
4
q−(Nn+1))e2,+κA†nσ
+ + κAnσ
−
(2.33)
where An, A
†
n are q-oscillators expressed through standard bosonic operators as
An = (
∆
h¯
)
1
2 ψn
√
[Nn]q
Nn
, Nn =
∆
h¯
ψ†nψn
6. Ablowitz-Ladik model (ALM) [48]
H =
∑
n
b†n(bn+1 − bn−1) +
2h¯
ln(1 + h¯)
ln(1 + b†nbn),
L(alm)n (ξ) =
(
ξ−1 e1 + b†nσ
+ + bnσ
− + ξ e2
)
, (2.34)
where bm, b
†
n are the q-bosonic operators with commutators [bm, b
†
n] = h¯(1 −
b†nbn) δm,n.
7. Relativistic quantum Toda chain (RTC) (corresponds also to discrete-time Toda
chain (DTTC)) [47]
H =
∑
i
(
cosh 2ηpi + η
2 cosh η(pi + pi+1)e
η(pi+1−pi)+(qi−qi+1)
)
,
L(rtc)n (ξ) =
(
(
1
ξ
e2ηpn − ξ) e1 + ηeqnσ+ − ηe2ηpn−qnσ−
)
. (2.35)
8. Discrete-time quantum Toda chain like model (DTTCL) [47]
Ldttcli (λ) =
iγ
[i]η
[λ +Ni + ωi]η e
1 +
αiβi
γ
cosh(η(Ni − λ)) e2
+ βif(Ni)piσ
+ + αi cos η qif(Ni)σ
−, (2.36)
with Ni = piqi, f
2(N) = i
2 cos η [i]η
1
N
([2N + ω − i]η − [ω − ih¯]η)
22
II. Models with rational Rrat(λ)-matrix
Here we list ultralocal models associated with the rational R-matrix (2.19).
i) Field models:
1. Nonlinear Schro¨dinger equation (NLS) [41]
H =
∫
dx
(
ψ(x, t)†xψ(x, t)x + η(ψ
†(x.t)ψ(x, t))2
)
, Lnls(λ) =
 iλ η 12ψ†
η
1
2ψ − iλ
 .
(2.37)
ii) Lattice Models:
1. Isotropic XXX spin chain [23]
H =
N∑
n
(σ1nσ
1
n+1 + σ
2
nσ
2
n+1 + σ
3
nσ
3
n+1),
L(xxx)n (λ) = i(λI + (σ
3σ3n + σ
+σ−n + σ
−σ+n )) (2.38)
2. Lattice NLS model (LNLS) [50]
L(lnls)(λ) =
 λ + s−∆ψ†ψ ∆ 12 (2s−∆ψ†ψ) 12ψ†
∆
1
2ψ(2s−∆ψ†ψ) 12 λ− s+∆ψ†ψ
 , s = − 2
κ∆
. (2.39)
3. Simple lattice NLS type model (SLNLS) [52]
H =
1
∆
∑
k
(φ(k + 1)ψ(k − 1)− (N(k) +N(k + 1))φ(k + 1)ψ(k) + (3κ∆2)−1N(k)3)
Ln(ξ) = ξ
(
(− i
ξ
+
N(n)
∆
)e1 +
1
∆
e2 − iκ 12φ(n)σ+ + iκ 12ψ(n)σ−
)
(2.40)
with N(k) = 1 + κ∆2φ(k)ψ(k).
4. Toda chain (TC) (nonrelativistic, time-continuous) [59]
H =
∑
i
(
1
2
p2i + e
(qi−qi+1)
)
, L(tc)n (λ) =
 pn − λ eqn
−e−qn 0
 . (2.41)
5. Quantum Toda chain like model (TCL) [47, 83]
Li(λ) = (λ+ γpiqi + ωi) e
1 + βipiσ
+ + αiqiσ
− +
αiβi
γ
e2 (2.42)
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with constant parameters γ, αi, βi, ωi
6. Tamm-Dancoff q-bosonic model (TDqB) [52]
An integrable q-bosonic model with q ≡ eiθ-deformed rational R-matrix is given
by the Lax operator
Lq(λ) =
(
(1− iλ∆+ κN)f(N) (e1 + e2)−i√κcσ+ + i√κbσ−
)
, (2.43)
with f(N) = q
1
2
(N(n)− 1
2
) involving Tamm-Dancoff type q-bosonic operators [143]:
Historically the above models and their Lax operators were discovered in isolated
and seemingly unrelated way. However it will be shown in sect. 5 using their un-
derlying algebraic structure, how these models are interrelated and how they can
be generated systematically as descendants of some more general integrable ancestor
models (see fig. 5.1).
2.2 Integrability of quantum nonultralocal models: braided
Yang-Baxter equations
As already mentioned, there exists another large and important class of models, called
nonultralocal models. Such models might have inherent nonultralocality in the sense
that the basic fields may satisfy current like algebras with derivatives of δ-functions
appearing in their commutators, or they may be like fermionic or anyonic fields
noncommuting at different lattice points. Alternatively, the models with standard
canonical fields might also acquire nonultralocality due to gauge transformation from
ultralocal models. Note that , the gauge transformations in the quantum case unlike
classical models, might change the ultralocality property leading to a nonequivalent
system.
Since the ultralocality condition is a key requirement in deriving the representa-
tive QYBE, the above scheme must be significantly modified to make it suitable for
nonultralocal systems. We introduce here a scheme with extended QYBE and other
relations for describing nonultralocal quantum systems, serving to some extend as
universal equations for a wide variety of such integrable models. We provide a list
of important nonultralocal models at the end of this section, deferring the details to
sect. 8.
2.2.1 Braided structures and extensions of QYBE
For understanding the algebraic structures in nonultralocal systems we return to
the simple matrix relations (2.7,2.8) and see immediately, that both of them fail
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for nonultralocal quantum models, since now the Lax operators do not commute at
the same as well as at different points. Therefore the algebra with somewhat trivial
multiplication property (2.8) needs to be generalized as
(A⊗ B)(C ⊗D) = ψBC(A(C ⊗B)D) (2.44)
where the noncommutativity of B2, C1 should be taken into account. However the
underlying coproduct structure, responsible for the globalization of QYBE must be
preserved. Such an idea was realized in the braided algebra [35, 36, 37] and was
implemented in formulating the integrability theory of nonultralocal models [21].
The basic point is to complement the commutation rule for the Lax operators at the
same site e.g. the local QYBE with the braiding properties describing commutators
at different lattice sites. The local QYBE must also be generalized to incorporate the
braiding relations, such that the transition from local to the global QYBE as in the
ultralocal case becomes possible. In general, since the braiding at different sites may
differ widely with arbitrarily varying ranges, the picture might be too complicated for
explicit description. Therefore we limit here to two types of braiding only, showing
however that this limited choice is enough to describe most of the physical models.
Referring to [19, 21] for more details we present the braided QYBE (BQYBE) as (see
fig. 2.11)
R12(λ− µ)Z−121 L1j(λ)Z˜21L2j(µ) = Z−112 L2j(µ)Z˜12L1j(λ)R12(λ− µ). (2.45)
where the nearest neighbor braiding is described by matrix Z , while the braid-
ing between other neighbors, taken to be the same for all pairs, are given by a
single matrix Z˜. Note that these braiding matrices in general can also have spec-
tral parameter dependence as Z21 = Z21(λ, µ), Z12 = Z12(µ, λ) and similarly
Z˜21 = Z˜21(λ, µ), Z˜12 = Z˜12(µ, λ). We however suppress this explicit dependence in
all the relevant equations for brevity. To describe nonultralocal systems, the BQYBE
must be complemented by the braiding relations
L2j+1(µ)Z
−1
21 L1j(λ) = Z˜
−1
21 L1j(λ)Z˜21L2j+1(µ)Z˜
−1
21 (2.46)
at nearest neighbor sites and by
L2k(µ)Z˜
−1
21 L1j(λ) = Z˜
−1
21 L1j(λ)Z˜21L2k(µ)Z˜
−1
21 (2.47)
with k > j + 1 answering for all nonnearest neighbors (see fig. 2.12). Note that
along with the conventional quantum R12-matrix as in ultralocal systems, additional
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Z˜12, Z12 matrices appear here, which may or may not depend on spectral parameters.
When Z matrices are spectral independent, the above BQYBE and braiding equations
can be obtained through Yang-Baxterization [21] from the more fundamental spectral
parameterfree algebraic relations like
R+q12Z
−1
21 L
±
1jZ˜21L
±
2j = Z
−1
12 L
±
2jZ˜12L
±
1jR
+
q12
L±2j+1Z
−1
21 L
±
1j = Z˜
−1
21 L
±
1jZ˜21L
±
2j+1Z˜
−1
21 (2.48)
etc. Note that the relations like (2.48) are also obtained from the BYBE (2.45) etc.
at the limit λ→ ±∞.
The braiding relations (2.46-2.47) are the generalizations of the ultralocality con-
dition and bear the true essence of the nonultralocal systems, where nonnearest and
nearest neighbor braiding can be treated differently. In analogy with the derivation
of YBE (2.13) as the consistency condition of the QYBE, one can derive also the
corresponding relations for nonultralocal models consistent with (2.45). Such YBE
type equations involving R and Z matrices are
R12(λ−µ) Z23 Z13 = Z13 Z23 R12(λ−µ) , Z13 Z12 R23(µ−ν) = R23(µ−ν) Z12 Z13,
(2.49)
with similar equations relating R, and Z˜. Moreover the Z, Z˜ and R matrices also
satisfy individually the YBE (2.13). Strictly speaking, the validity of YBE (2.13) for
the Z-matrix is a sufficient but not necessary condition. One gets rather the YBE for
matrix R˜12(λ) = Z12R12(λ)Z
−1
21 . This typical situation can be seen in the example of
nonultralocal quantum mapping listed below and discussed in sect. 8.
The R-matrices associated with the nonultralocal models are the same trigono-
metric (2.18) and rational (2.19) solutions (elliptic solutions are not considered here)
found earlier for ultralocal models.
The set of relations (2.45-2.47) represent the universal equations for the integrable
nonultralocal models within a certain class of braiding. We shall show in sect. 8 that
much in parallel to the established ultralocal case, particular choices for R,L, Z, Z˜
can derive systematically from these relations the basic equations for concrete phys-
ical models. It is readily seen that the trivial choice Z = Z˜ = I reduces the above
set into the standard QYBE (2.9) together with the ultralocality condition, while
the nontrivial Z’s would lead to different types of nonultralocal models. For exam-
ple, particular homogeneous braiding with Z = Z˜ 6= I correspond to SUSY and
anyonic models, while the choice Z˜ = I with Z 6= I describes nonultralocal models
like WZWN, quantum mKdV etc. with δ′ function appearing in their fundamental
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commutation relations. The case like Z = I, Z˜ 6= 0 coincides formally with the
reflection equation [63].
For establishing the role of the extended QYBE along with the braiding relations
for describing the integrability of nonultralocal models, we have to show first that the
important transition from local to the global QYBE is possible for the monodromy
matrix
T [k,j]a (λ) = Lak(λ)La,k−1(λ) . . . Laj(λ) (2.50)
acting in the space H ≡ Vk⊗Vk−1⊗. . .⊗Vj . Similar to our derivation for the ultralocal
models we start from the local BQYBE (2.45) at point j + 1, multiply both sides by
Z−121 L1j(λ)Z˜21L2j(µ) (see fig 2.13a, 2.14a) and using the same BQYBE at j in the
rhs transfer R12(λ− µ) to the extreme right (fig 2.14a-b).
We use next the braiding for nearest neighbors (2.46) (fig. 2.13a-b) and its 1↔ 2
interchanged form (fig. 2.14 b-c) to drag Lj through Lj+1 in both the sides. Some Z
matrices gets canceled with Z−1 allowing us to arrange together the Lax operators
acting in the same space 1 or 2 to give again the same form of BQYBE for T j+1ja (λ) =
Laj+1(λ)Laj(λ) (fig. 2.13c, 2.14d). We repeat further the same steps multiplying by
Z−121 L1j−1(λ)Z˜21L2j−1(µ) again from both sides and using the similar arguments. We
have to remember only that together with (2.46) for Lj and Lj−1 we have to use also
the braiding relation (2.47) for commuting Lj+1 and Lj−1. Continuing for j − k + 1
steps we get the global BQYBE is the same form as the local one:
R12(λ− µ)Z−121 T [k,j]1 (λ)Z˜21T [k,j]2 (µ) = Z−112 T [k,j]2 (µ)Z˜12T [k,j]1 (λ)R12(λ− µ) (2.51)
confirming the existence of the coproduct structure of the underlying braided algebra
in nonultralocal systems.
For showing the quantum integrability one has to find the commuting transfer
matrices through trace factorization, which becomes a nontrivial task due to the
appearance of Z matrices in the BQYBE (2.51). We shall see in sect. 8 how to tackle
this problem and modify the BQYBE for periodic models.
Investigations of some nonultralocal systems from other angles can be found in
[148, 85, 86]
2.2.2 List of quantum integrable nonultralocal models
Nonultralocal models are mostly nonfundamental ones, defined in the Hilbert space.
They may correspond to genuinely integrable systems with spectral parameter de-
pendent R(λ)-matrix and the Lax operator or one may be interested only in their
nonultralocal algebra (2.48) without invoking any spectral parameters. We collect
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such quantum integrable models, which can be described fairly well by the present for-
malism described by the relations (2.45-2.47) and list them below mentioning briefly
the choices for their braiding Z˜, Z apart from the R-matrix and the Lax opera-
tors. Details of these models together with the systematic derivation of their basic
equations will be given in sect. 8.
I. Systems with spectral parameterless R-matrix
Since the algebraic structures of the models are of concern here, we may take the
spectral parameterfree equations like (2.48) involving R+q matrix (2.15) for describing
the nonultralocal features.
1. Current algebra in WZWN model [61]
The model involves the nonultralocal current algebra
{L1(x), L2(y)} = γ
2
[C,L1(x)− L2(y)]δ(x− y) + γCδ′(x− y) (2.52)
with C12 = 2P12 − 1, where L = 12(J0 + J1) with Jµ = ∂µgg−1, being the current.
For describing the discretized algebra one needs the spectral parameter independent
choice R12 = Z12 = R
+
q21 with Z˜ = 1.
2. Coulomb gas picture of CFT (CG-CFT)[68]
The associated nonultralocal Lax operator is
Lcg(x) = P (x)− E+, E+ =
∑
α
Eα, {P (x)⊗, P (y)} = δ′(x− y)
∑
i
Hi ⊗Hi (2.53)
Integrable description is made by the solution R = R+q12 with the choice Z˜ = 1 and
Z12 = q
−
∑
i
Hi⊗Hi .
3. Braided algebra (BA) [35]
The braided algebras described in sect. 3 can be reproduced from the spectral-
free BQYBE (2.48) as a particular case, by choosing homogeneous braiding Z˜12 =
Z12 = R21 . As R12 one may take various solutions of (2.14) like (2.15), nonstandard
(6.26) , Jordanian solution etc. to reproduce results of [35].
II. Models with rational Rrat(λ)-matrix
Nonultralocal quantum models associated with the spectral-dependent rational
R(λ)-matrix (2.19) are listed below.
4. Nonabelian Toda chain (NATC) [66]
28
The Lax operator of the model is given by
L
(ntc)
k (λ) =
 λ−Ak − Bk−1
I 0
 , Ak = g˙kg−1k , Bk = gk+1g−1k (2.54)
along with the rational R(λ) = ihP ⊗ π − λ and the braiding Z˜ = 1 and
Z12 = 1+ ih(e22 ⊗ e12)⊗ π
5. Nonultralocal quantum mapping [67]
The system is associated with λ dependent Lax operator L(qm)n = V2nV2n−1, with
Vn = Λn(λ)
1 + N∑
i>j=1
vi,j(n)Ei,j
 . (2.55)
with Λn = λnEN,1 +
∑N−1
i=1 Ei,i+1, λ2n = λ2n+2 = λ , involving nonultralocal algebra
[vi,j(n), vk,l(m)] = h(δn,m+1δk,j+1δi,Nδl,1 − δm,n+1δi,l+1δk,Nδj,1) (2.56)
For integrable description one needs the rational R(λ)-matrix with Z˜ = 1 and the
spectral parameter dependent choice Z12(u2) = I +
h
u2
∑N−1
α eNα ⊗ eαN .
III. Models with trigonometric Rtrig(λ)-matrix
Nonultralocal integrable quantum models associated with the spectral dependent
trigonometric R(λ)-matrix (2.18) are listed below.
6. Quantum mKdV model (QMKDV) [65]
The nonultralocal Lax operator
Lmkdv(x, ζ) = i
2
(−v−(x)σ3 + ζσ2), [v(x), v(y)] = δ′(x− y) (2.57)
describes this integrable model with classical equation
± vt + vxxx − 6v2vx = 0. (2.58)
The quantum model corresponds to the trigonometric R-matrix and Z˜ = 1 ,
Z12 = Z21 = q
− 1
2
σ3⊗σ3 ,
IV. Models with homogeneous braiding
Nonultralocal models with homogeneous braiding have no distinction between
braiding at different sites.
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7. Integrable model on moduli space (IMMS) [126]
This integrable model, motivated by the Chern-Simons theory, may be introduced
by the Lax operator
Ln(λ) = K
n + λI, (2.59)
where Kn matrices are related to L± generating quantum algebra. This abstract
nonultralocal model may be described by the trigonometric Rtrig(λ) matrix along
with the braiding Z˜12 = Z
−1
21 = R
+
12q
8. Supersymmetric models [69] (SUSY)
SUSY models can be defined from the nonultralocal point by choosing Z = Z˜ =∑
ηαβgαβ, where ηαβ = eαα ⊗ eββ and g = (−1)αˆβˆ with supersymmetric grading αˆ.
R-matrix is either rational or the nonstandard trigonometric type (6.26).
9. Integrable Anyonic model (IAM)
Generalizing the SUSY model one may choose Z = Z˜ =
∑
ηαβ g˜αβ, with anyonic
phase θ included in g˜αβ = e
iθαˆβˆ. Integrable anyons correspond to the rational R
matrix , while their q-deformations are associated with the trigonometric case.
V. Systems with specific braiding
Here we list integrable nonultralocal models models, which correspond to braiding
a bit different from Z, Z˜ used in the present formulation.
10. Kundu-Eckhaus equation (KEE) [87]
Classically integrable equation
iψ˜t + ψ˜xx + η(ψ˜
†ψ˜)ψ˜ + θ2(ψ˜†ψ˜)2ψ˜ + 2iθ(ψ˜†ψ˜)xψ˜ = 0, (2.60)
corresponding to the Lax operator
Lke(λ) =
 i(λ− θψ˜†ψ˜) η 12 ψ˜†
η
1
2 ψ˜ − i(λ− θψ˜†ψ˜)
 (2.61)
is nonultralocal as quantum model due to noncanonical field ψ˜ and can be de-
scribed by the rational R(λ) matrix along with braiding expressed through Z =
diag(eiθ, 1, 1, eiθ) . The success and difficulties with the model are discussed in sect.
8.
11. Reflection equation (RE) [63]
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The reflection equation may also be viewed as nonultralocal model given through
a different type of braiding. However formally it fits with the present formulation for
nonperiodic models with braiding Z = 1, Z˜ = R(λ1 + λ2).
We shall elaborate on all the above models in sect. 8 showing their systematic
classification in fig. 8.1.
fig.2.1
Figure 2.1 Ultralocality condition on the Lax operators showing trivial comuu-
tation of operators defined at points i 6= j .
fig.2.2
Figure 2.2 Local quantum Yang-Baxter equation (2.9). R,L matrices act at the
intersecting lines with 1, 2 representing auxiliary and 3 quantum spaces.
fig.2.3
Figure 2.3 Multiplication rule (2.10) induced by the ultralocality condition of
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the Lax operators.
fig.2.4
Figure 2.4 Flipping the R-matrix using QYBE (2.9) at point i.
fig.2.5
Figure 2.5 QYBE for the nonlocal objects T [i+1i](λ) defined at two points i+1, i.
fig.2.6
Figure 2.6 a) Global QYBE (2.11) for the monodromy matrix T (λ). b) T (λ) is
a global object defined through the Lax operators Lj at points N to 1.
fig.2.7
Figure 2.7 Trivial commutation of transfer matrices τ(λ) = trT (λ) at different
λ. This feature of integrability ensures involutiveness of conserved quantities.
fig.2.8
Figure 2.8 Yang-Baxter equation (2.13) showing equivalence of two scattering
processes to reach from the arrangement of particles (1,2,3) to (3,2,1).
fig.2.9
Figure 2.9 Vertex model with periodic boundary condition. Due to repeated
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summation indices µi ( H-space indices), the transfer matrix τ depends only on the
quantum indices (α, β) .
fig.2.10
Figure 2.10 Boltzmann weights of the 6-vertex model with charge conservation
and charge inversion symmetry, constituting the elements of the R-matrix
fig.2.11
Figure 2.11 Local braided QYBE (2.45). Intersecting (wavy) lines 1, 2 with
crossing from below denote Z12 or Z˜12, while from above denote their inverses.
fig.2.12
Figure 2.12 Braiding relation (2.47) showing nontrivial commutation between
Lax operators L2k(µ) and L1j(λ) at different points k > j+1. For k = j+1, i.e. for
(2.46), in the lhs of the figure Z˜ should be replaced by Z.
fig.2.13
Figure 2.13 Successive steps of the BQYBE for transition from its local to the
two point form for nonlocal T [j+1,j] (The figure shows the lhs of the equation).
a)Local BQYBE for Lj+1(λ) multiplied by Lax operators at site j.
b)Use of braiding relation (2.46) to drag Lj through Lj+1( use fig. 2.12 in the boxed
portion of a)-b)).
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c)BQYBE for T [j+1j] = Lj+1(λ)Lj(λ).
fig.2.14
Figure 2.14 Successive steps of the BQYBE for transition from its local to the
two point form for nonlocal T [j+1,j] (The figure shows the rhs of the equation).
a) Local BQYBE at j + 1 multiplied by objects at j. b) Flipping of R-matrix using
BQYBE at j (use fig. 2.11 in the dashed boxes in a)-b)).
c) Use of braiding (2.46) with 1 ⇀↽ 2 (apply fig 2.12 in line boxes in b)-c).
d)Transition to BQYBE for T [j+1j].( Use of Z12Z
−1
12 = I unknots the lines simplifying
the picture of b)) .
.
3 Algebraic aspects
In this more or less self-contained section we present some useful and elegant algebraic
structures hidden behind the integrable theory and intimately connected with it.
The application of these formal objects for constructing basic relations in quantum
integrable systems, will be considered in subsequent sections. Though the subject
matter is rather abstract, we try to maintain our presentation at simple physical
level.
3.1 Sklyanin algebra
We focus on the local QYBE (2.9) R(λ, µ) L1(λ) L2(µ) = L2(µ) L1(λ) R(λ, µ),
the key relation in quantum integrable ultralocal systems and consider first the gen-
eral R-matrix solution of (2.13) given through the elliptic functions:
R(λ− µ) = Σ3i=0 ωi(λ− µ)σi ⊗ σi, σ0 = I
ω0 + ω3 ≡ a(λ) = sn(λ + α), ω0 − ω3 ≡ b(λ) = snλ,
ω1 + ω2 ≡ c(λ) = snα, ω1 − ω2 ≡ d(λ) = k snα snλ sn(λ+ α) (3.62)
The corresponding solution for the L(λ)-operator may be chosen in analogy with
(3.62) as (2.21): L(λ) = Σ3i=0 ωi(λ)σ
i ⊗ Si. The algebraic properties of Si,
which are yet unspecified operators, are to be determined from the QYBE. Inserting
the above R(λ − µ)-matrix and the L(λ)-operator in QYBE (2.9), we notice that
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except operators Si all other elements entering in this equation are known objects.
Comparing therefore the terms with independent functions of λ, µ, we arrive at a set
of algebraic relations for Si, free from spectral parameters:
[S0, Sα] = iJβγ [S
β, Sγ]+, [S
α, Sβ] = i[S0, Sγ]+ (3.63)
involving commutator [ , ] and anticommutator [ , ]+ along with the Casimir
operators
C¯1 = Σ
3
i=0(S
i)2, C¯2 = Σ
3
α=1Jα(S
a)2. (3.64)
The triplet of indices (α, β, γ) represents any cyclic permutation of (1, 2, 3) and
the structure constants Jαβ =
ω2α−ω
2
β
ω2γ−ω
2
0
may be parametrized by Jαβ =
Jα−Jβ
Jγ
. and
obey the constraint J12 + J23 + J31 + J12J23J31 = 0. Note that in contrast to a Lie
algebra, (3.63) is a quadratic algebra, which depends on the parameters α, k. This
quadratic algebra, discovered in [31] is known as the Sklyanin algebra.
3.2 Quantum algebra and its origin in integrable theory
We will be interested mostly in the trigonometric limit: k → 0 of the Sklyanin algebra
(3.63,3.64), since at this limit it acquires a clear Hopf algebra property and gets linked
with the quantum algebra.
Since at k → 0, snx → sin x, cnx → cos x and dnx → 1 , the elements of the
R-matrix (3.62 ) turn into trigonometric functions as
a(λ) = sin(λ+ α), b(λ) = sinλ, c(λ) = sinα, d(λ) = 0.
The corresponding trigonometric limit of the Sklyanin algebra may be obtained from
the limiting values of the parameters giving the structure constants
J12 = 0, J23 = −J31 = tan2 α
2
. (3.65)
This clearly reduces (3.63) to
[S0, S3] = 0, [S3, S±] = ±[S3, S±]+,
[S0, S±] = ∓ tan2 α
2
[S3, S±]+, [S
+, S−] = 4S0S3. (3.66)
The Casimir operators (3.64) reduce to
C¯1 → C1 = Σ3i=0(Si)2, C¯1 − C¯2 → C2 = cos2
α
2
(S0)2 + sin2
α
2
(S3)2. (3.67)
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This trigonometric Sklyanin algebra (TSA) is also quadratic and depends on a single
parameter α.
Instead of obtaining the TSA as a limit of (3.63), we may get it directly by
using the trigonometric solution of the R-matrix and constructing in analogy the
corresponding L operator. To complete this chain of relationships, we should connect
the TSA with the well known quantum algebra (QA) and that would link the origin
of the QA to the Yang–Baxter equations and thus to the quantum integrable theory.
Let us notice first that the Casimir operator C2 given in the form of an ellipse suggests
a simple realization (putting C2 =
1
4
I)
S0 =
cos(αs3)
2 cos α
2
, S3 =
sin(αs3)
2 sin α
2
(3.68)
through a single operator s3. This realization together with the same S±, reduces
the quadratic algebra (3.66) to
[s3, S±] = ±S±, [S+, S−] = [2s3]q. (3.69)
The remaining Casimir operator in (3.64) reduces to
[j]q[j + 1]q = [s
3]q[s
3 − 1]q + S+S−. (3.70)
where the q − bracket is defined as
[x]q =
qx − q−x
q − q−1 =
sin(αx)
sinα
, q = eiα.
This in fact is the well known quantum algebra Uq(sl(2)) [25, 30], and that fulfills
our aim of finding the origin of QA in integrable systems.
At the limit q → 1 (or equivalently at α→ 0 ) , when
[2s3]q ≈ 2s3 + α
3
3
(2s3)3 + · · · ,
the deformed algebra (3.69), clearly goes to the familiar su(2) spin algebra
[s3, s±] = ±s±, [s+, s−] = 2s3. (3.71)
The related Casimir operator reduces to j(j + 1) = s3(s3 − 1) + s+s− . We should
remember that the quantum algebra, sometimes called as the quantum group, is in
fact neither quantum nor a group. Nevertheless, it has got some analogy with the
quantization procedure (see for example [137] as well as with group properties.
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Quantum or quantized algebras may be introduced in different ways. However the
way it has been obtained here linking it with the integrable systems, gives perhaps
more physical insight of this abstract mathematical structure. The q-deformation
may be viewed as q = eih¯η by relating the deforming parameter η to the coupling
constant of the physical models and h¯ to the Plank constant like quantum character-
istic. We will see that the QA is not given by just any deformation, but is constrained
by important algebraic properties like the Hopf algebra and that makes such defor-
mations a unique one in the simplest case. Note that even in our familiar example
(3.71), the sum of two commuting spins yields again a spin solution, i.e.
∆s± = s± ⊗ I + I ⊗ s±, ∆s3 = s3 ⊗ I + I ⊗ s3 (3.72)
also satisfies (3.71). In mathematical language this is the definition of the coproduct
∆, which takes an algebra A to its tensor product and represents the main feature of
a Hopf algebra. The familiar spin algebra therefore is a Hopf algebra, though only a
cocommuting Hopf algebra (characterized by the explicit symmetry of the first and
the second spaces in relation (3.72)). However, the superposition rule (3.72), as can
be easily checked by direct insertion, is no longer true for the quantum algebra (3.69).
Therefore the idea is to generalize this rule as
∆S± = S± ⊗ qs3 + q−s3 ⊗ S±, ∆s3 = s3 ⊗ I + I ⊗ s3 (3.73)
to make it compatible with (3.69). This generalization indeed is quite nontrivial,
since it defines now a noncocommuting Hopf algebra (notice the asymmetry in the
two spaces in the coproduct relation (3.73)) and makes the quantum algebra Uq(sl(2))
unique.
A simple but fascinating effect of this nontriviality may perhaps be given by
the following example [3]. In anisotropic spin chain Hxxz = J Σ
N
n [(σ
+
n σ
−
n+1 +
σ−n σ
+
n+1) + coshασ
z
nσ
z
n+1], the rotational nonsymmetry is immediate. However,
if we spoil the symmetry still further by adding another term to it as H =
Hxxz + sinhα(σ
z
1 − σzN), curiously the rotational symmetry is restored again. The
fact is that, the Hamiltonian H is related to the Casimir operator of the correspond-
ing quantum algebra and consequently, it is symmetric under Uq(SU(2)) and hence
naturally under SU(2). This type of Hamiltonian has been found useful in solving
open chain problems [89].
3.2.1 Quantum algebra as Hopf algebra
In a more formal approach quantum algebra Uq(g) can be defined as a deformed (or
quantum) universal enveloping algebra of some Lie algebra g. Example is Uq(sl(2))
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as given above. With the following properties it turns also into a noncommuting and
noncocommuting Hopf algebra A.
i. Coproduct ∆ : A → A⊗A, example (3.73).
ii.. Multiplication m : A⊗A → A, example (2.8).
iii. Counit ǫ : A → K, example ǫ(S±) = 0; ǫ(q±s3) = 1.
v. Antipode (≈ inverse) s : A → A, example s(S±) = −q±1S±, s(q±s3) = q∓s3.
3.2.2 Quantum algebra through noncommuting geometry
This is a group like approach starting from the noncommutative coordinate space
having the relation xy = q−1yx, which can also be expressed as Rˆ+(~x⊗~x) = (~x⊗~x) in
the matrix form. Here ~x =
 x
y
 and Rˆ+ = PR+ is the braid group representation,
while R+ is the upper-triangular solution (2.15). If we demand now the invariance
of the above defining relation for ~x under the transformation ~x′ = T~x (recall that
the vector transformation x′ = gx, g ∈ (rotation group) in usual commuting space
preserves the length of vector x), we obtain the relation on T as
Rˆ+ T1T2 = T2T1 Rˆ
+, (3.74)
which is a group like relation of quantum algebra A∗ in the matrix form (recall the
property gtg = 1 for a rotation group). The relation (3.74) written in the elemen-
twise form through noncommuting matrix elements of T =
 a b
c d
 with quantum
determinant detqT = ad− qbc usually taken as the definition of the quantum group:
ab = qba , ac = qca , bc = cb , bd = q−1bd ,
dc = q−1cd , ad− da = (q − q−1)bc. (3.75)
Let us stress again that, though this is not a group, the property that the coproduct
∆T = T · T ′, for [T, T ′] = 0 satisfies again the relation (3.74) bears similarity with
the standard group multiplication rule.
In recent years success in establishing conventional exponential relation between
the quantum algebra and group has been achieved [88].
3.2.3 Faddeev–Reshetikhin–Takhtajan (FRT) formulation
The FRT formulation [42] , closely related to the theory of quantum integrable sys-
tems, bridges between above two approaches by noting that the algebras A and
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A∗ are dual to each other. Coproduct ∆ in A∗ induces multiplication m in A:
(l1l2, a) = l1l2(a) = (l1⊗ l2)(∆(a)) , where l1, l2 ∈ A, a ∈ A∗. Setting L± ∈Mn(A)
the duality condition links between them as
(
L(±), T
)
= R±q . The main relations
of the FRT algebra may be given by
R+ L
(±)
1 L
(±)
2 = L
(±)
2 L
(±)
1 R
+ , R± L
(±)
1 L
(∓)
2 = L
(∓)
2 L
(±)
1 R
±, (3.76)
and an equation similar to the first of (3.76) with R+ replaced by R− . The R±
matrices are same as R±q in (2.15), L
± are upper/lower-triangular matrices, the op-
erator elements of which are expressed through the generators (I, s3, S±) of quantum
algebra (3.69) as
L(+) =
 q−s3 − (q − q−1)S−
qs
3
 , L(−) =
 qs3
(q − q−1)S+ q−s3
 . (3.77)
Thus (3.76) with (3.77, 2.15) reproduces the quantum algebra (3.69), though given
in a matrix form similar to the defining relation for the quantum group (3.74).
Another important feature of the FRT algebra is that, it derives elegantly the
coproduct structures of the quantum algebra (3.73). Defining operators Xan = I ⊗
· · · ⊗Xa ⊗ · · · I we may evaluate
L
(+)
1ni L
(+)
1ni+1 =
 q−(s3ni+s3ni+1 ), −(q − q−1) (S−ni ⊗ qs3ni+1 + q−s3ni ⊗ S−ni+1)
q
s3ni+s
3
ni+1
 .
(3.78)
Comparing with (3.73) it is immediate that
L
(+)
1ni L
(+)
1ni+1 = =
 ∆q−s3(ninn+1) − (q − q−1)∆S−(nini+1)
∆q
s3
(nini+1)
 = ∆L(+)1nini+1. (3.79)
Similarly we get L
(−)
1ni L
(−)
1ni+1 = ∆L
(−)
1nini+1 and also at the same time
L
(±)
1ni+1 L
(±)
1ni = ∆˜L
(±)
1nini+1, (3.80)
where ∆˜ = P∆P is another possible permuted form of the coproduct with P(x ⊗
y)P = y ⊗ x.
Note that the same R+q -matrix (2.15) appears in some or other form in the variety
of relations concerning quantum algebra described above. We will see in sect. 4 that
the R±q matrices representing structure constants of the quantum algebra enters also
as the building blocks for the R(λ)-matrix constructions in integrable theory. The
associativity of the FRT algebra gives the spectral parameterless YBE (2.14).
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3.2.4 Multiparameter deformation of general reductive Lie algebras
Apart from the simplest one parameter deformation of sl(2) discussed above, mul-
tiparameter deformations of general Lie algebras can be formulated [39]. We give
below a brief account of it.
Let g be a reductive Lie algebra of rank N . Namely g is the direct sum of, say,
M simple Lie algebras plus an abelian center. H1, H2, . . . , HN is the basis of the
Cartan algebra of which Hi(1 ≤ i ≤ N1) span the semisimple part and the remaining
N −N1 number of Hα, (N1 < α ≤ N) belong to the center of the algebra. Let ak be
vectors with N components aℓk, such that aαk = 0 for all k and (N1 < α ≤ N) , while
aij = 2(αi · αj)/(αi · αi) with (1 ≤ i, j ≤ N1) are the entries of the Cartan matrix
related to the semisimple part. Let X±i be generators associated to the simple roots
αi. The universal deformation Uq(g) can be defined so that each simple component
remains the same as that of the standard one parameter quantization with relations
[29]
[X+i , X
−
j ] = δij
q
Hi
2
ii − q−
Hi
2
ii
q
1
2
ii − q−
1
2
ii
≡ δij [Hi]qii (3.81)
and f(H)X±i = X
±
i f(H± ai) plus the Serre relations
∑
0≤k≤n
(−1)k
(
n
k
)
qii
(
X±i
)n−k
X±j
(
X±i
)k
= 0, i 6= j (3.82)
with n = 1 − aij and the notation qii = ehρ(i)(αi·αi), where (1 ≤ ρ(i) ≤ M) counts
the number of simple components. Since ρ is constant on each simple component, we
may use also the notation qρ = e
hρ(i) . The remaining deformation parameters on the
other hand can be relegated to the coalgebra structure defining the corresponding
coproducts as
∆(X±i ) = X
±
i ⊗ Λ±i + (Λ±i )−1 ⊗X±i
∆(Hi) = Hi ⊗ I + I ⊗Hi, (3.83)
where Λ±i , containing the parameters viα, tik (tik = −tki), has the form
Λ±i ≡ q
Hi
4
ii e
± 1
2
(∑
j,k
tika
kjHj+
∑
α
viαHα
)
.
The antipode (S) and co-unit (ǫ) are given by
S(X±i ) = −q±
1
2
ii X
±
i , S(Hi) = −Hi and ǫ(X±i ) = ǫ(Hi) = 0.
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This defines the deformation of general Lie algebra as a Hopf algebra and we will
show below the existence of universal R-matrix in this case.
Sometimes it is convenient to use q-deformed Cartan-Weyl basis [29] for related
constructions. Such generators satisfy the commutation relations
[eγ, e−γ ] = aγ
qhγ/2γγ − q−hγ/2γγ
qρ − q−1ρ
(3.84)
In the above expression, if the index γ corresponds to the non-simple root αγ =
∑
αi
for certain simple roots αi, then hγ =
∑
hi and the relations between two basises are
hi =
(αi · αi)
2
Hi, e±i =
[
(αi · αi)
2
]1/2
q2ρ
q
−1/4
ii X
±
i q
∓Hi/4
ii (3.85)
3.3 Yangian algebra
The Yangian Y (g) [25] associated to a Lie algebra g is another deformation of the
universal enveloping algebra of polynomial maps g[λ]: C → g. The general represen-
tation theory of the Yangian is discussed in [34], though we will be interested only in
its simplest realizations related to the rational R-matrix solution of the YBE given
by (2.19): R(λ) = λ− ηP , due to its direct consequence in the integrable theory.
If we consider the global QYBE (2.11) with the rational R-matrix, the monodromy
matrix T (λ) satisfies the quadratic relation
(λ− µ)[T ab(λ), T cd(µ)] = η(T cb(λ)T ad(µ)− T cb(µ)T ad(λ)) (3.86)
and the quantum determinant defined as detqT (λ) = T
22(λ − η)T 11(λ) − T 21(λ −
η)T 12(λ) commutes with all matrix elements of T (λ) . Normalizing detqT (λ) = 1
and expanding
T ab(λ) = δab + η
∞∑
k=0
λ−(k+1) tab(k) (3.87)
we get a realization of Yangian Y (sl(2)) generated by the elements tab(k). The algebraic
relations given by (3.86) are equivalent to
[ tab(0), t
cd
(k)] = δ
cb tad(k) − δad tcb(k),
[tab(k+1), t
cd
(l)]− [ tab(k), tcd(l+1)] = tcb(l)tad(k) − tcb(k)tad(l). (3.88)
Note that these are like recurrence relations and due to the constant quantum deter-
minant all generators of the algebra can be constructed starting only from its first
two components tab(0) and t
ab
(1). Clearly the Yangian algebra (3.88) is a deformation of
the loop algebra. We shall see in sect. 5 some useful finite dimensional representation
of this algebra realized in integrable models.
41
3.4 Universal R-matrix
Notice that for deriving the algebraic relations like R+12 L
(±)
1ni L
(±)
2ni = L
(±)
2ni L
(±)
1ni R
+(−)
12
in the FRT formulation (3.76) we use the R12-matrix acting only in the auxiliary
spaces, while the operators Lani are defined in both the auxiliary space ( a = 1
or 2) and the quantum space ni. For obtaining the coproducts we need to multiply
L operators in the same auxiliary space, but in different quantum spaces ni, ni+1.
However if we allow certain abstraction and suppose the existence of aRnini+1-matrix,
such that Rnini+1 L(±)1ni L(±)1ni+1 = L(±)1ni+1 L(±)1ni Rnini+1, then we can have, as seen
from (3.80), the relation Rnini+1 ∆
(
L
(±)
1(nini+1)
)
= ∆˜
(
L
(±)
1(nini+1)
)
Rnini+1. In
operator form such R-matrices satisfy therefore the intertwining relation
R ∆(a) = ∆˜(a)R. (3.89)
between coproducts ∆ and ∆˜. This abstraction of the quantum R-matrix satisfying
(3.89) is called the universal R-matrix. A Hopf algebra endowed with a universal R-
matrix is called a quasitriangular Hopf algebra. As a consequence of the coproduct
property we then have
(∆⊗ I)R = R13R23, (I ⊗∆)R = R13R12, (3.90)
which would yield
R(∆⊗ I)R = R12R13R23, , (3.91)
where we have denoted the quantum space indices by bold face numbers as in sect.
2, for convenience. Notice the ordering of indices in the two relations in (3.90), using
which together with the intertwining property (3.89) we get
R(∆⊗ I)(R) = (∆˜⊗ I)(R)R12 = R23R13R12 (3.92)
Equating (3.91,3.92) we get finally
R12R13R23 = R23R13R12 (3.93)
as abstract generalization of all YBE’s. Therefore this universal equation and the
universal R-matrix ,as we will see below, may be taken as the basic objects for con-
structing other important structures like FRT algebra, L±, R± matrices etc. They in
turn would generate the key elements in integrable theory, like the spectral parameter
dependent Lax operators L(λ) and quantum R(λ)-matrices as well as the QYBE and
YBE.
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Though in general it is difficult to find the solutions for the universal R-matrix
is the explicit form, following the prescription of Drinfeld [25] such an object may
be obtained exploiting basically the defining relation (3.89) and using (3.73). The
simplest of such solutions for Uq(sl(2)) is given by [38]
R = q 12 (σ3⊗σ3) expq−2((q − q−1)S−qσ
3 ⊗ q−σ3S+) (3.94)
with the notations expq(x) =
∑
n≥0
xn
(n)q !
where (n)q :=
qn−1
q−1
.
3.4.1 Twisting transformation and general R-matrix solution
For obtaining a general universal R-matrix solution corresponding to all deformed
reductive Lie algebras discussed above, let us first look into the twisting transfor-
mation introduced in [45]. Under such transformation one gets a twisted R-matrix
starting from the original one: R0 →R12 = F−112 R12F−112 provided the twisting
operator F satisfies the conditions
R12F13F23 = F23F13R12, F12F13F23 = F23F13F12 (3.95)
along with the antisymmetry property Fab = F−1ba . The corresponding Hopf algebra
also gets twisted with a transformed coproduct ∆ = F∆0F−1, such that the defining
relations (3.89) and (3.93) are valid again for the twisted R matrix.
We find first the R0 related to the semisimple Lie algebras. Implementing then
suitable twisting G˜ we get the general solution for the reductive case with multipa-
rameter deformations as
R(qii, tij , viα) = G˜−1(tij, viα)R0(qii)G˜−1(tij , viα). (3.96)
We may construct the universal R0-matrix for the semisimple Lie algebras in the
form [141, 90] R0 = RˇK, where K is expressed only in terms of the Cartan
generators as
K = exp
∑
ij
hρ(i)
(αi · αi)
2
(αj · αj)
2
dijHi⊗Hj
 , (3.97)
with dij = (d−1)ij, dij = (αi · αj) representing symmetrized Cartan matrix. On the
other hand Rˇ is expressed in the factorized form
Rˇ =
M∏
ρ=1
(Rˇ(ρ)), with Rˇ(ρ) =
∏
γ∈∆ρ+
(Rˇ(ρ)γ ), Rˇ
(ρ)
γ = expq−1γγ
(
a−1γ (qρ − q−1ρ )(eγ ⊗ e−γ)
)
(3.98)
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where ∆ρ+ is the set of all positive roots belonging to the ρ-th simple component with
the prescribed normal ordering [90]. For finding now the general solution (3.96) we
may choose the twisting operator as
G˜(tij , viα) ≡ G(viα)F(tij)
= exp{1
2
(
∑
jα vjαa
jk(Hk⊗Hα −Hα⊗Hk) +
∑
ijkr
akitkra
rjHi⊗Hj)} (3.99)
with aij = (a−1)ij . It can be checked easily that G˜ exhibits the required antisymmetry
property G˜−121 = G˜12 and satisfy the required conditions (3.95). It is exciting to
check, that the general solution R (3.96) with the insertion of (3.97, 3.98,3.99) is
the intertwining operator (3.89) for the deformed general reductive Lie algebra with
coproducts (3.83).
Note that specializing to a particular Lie algebra, which would be reflected in the
corresponding choice of root systems, Cartan matrix aij and the normal ordering in
∆+, one can derive from the general universal R-matrix obtained here, the solutions
for all the classical algebras of A,B,C,D etc. types together with their semisimple
as well as reductive generalizations. For example in the case of quantum algebra
Uq(gl(2)), by applying the twisting transformation F = eiθ(s3⊗Z−Z⊗s3) on (3.94), one
derives the universal R matrix
R = qi2(s3⊗s3+θ(s3⊗Z−Z⊗s3))
∞∑
m=0
(1− q−2)m
(m)q−2 !
(qs
3−ZS+)m ⊗ (q−(s3+Z)S−)m, (3.100)
where Z is central to the algebra.
In the next section we take up important applications to integrable systems using
different representations in the case Uq(gl(n+ 1)).
3.5 Hecke algebra, Birman-Wenzl-Murakami algebra
Such algebraic structures inherent to R± matrices play important role in integrable
systems. Hecke and Birman-Wenzl-Murakami algebras may be represented by the
braid group along with certain extra conditions. The braid group in turn is given by
the relations
bi bi+1 bi = bi+1 bi bi+1, bi bj = bj bi, | i− j |≥ 2, (3.101)
where bi, i = 1, 2, · · · , n− 1 are braiding operators defining a group, the elements
of which are n-braid. The braid group can be used for obtaining link polynomials,
which have importance in the knot theory for classifying links and knots [4]. We are
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interested however in the integrable theory and observe that, defining Rˆ = PR+q
the spectral-free equation (2.14) rewrites as
Rˆ12 Rˆ23 Rˆ12 = Rˆ23 Rˆ12 Rˆ23, [Rˆ12, Rˆ34] = 0. (3.102)
Representing Rˆii+1 = bi the equivalence of (3.102) and (3.101) becomes immediate.
The Hecke algebra may be defined by the braid group relations (3.101) along with
an extra Hecke condition
h2i + (1− t)hi = t (3.103)
with ǫ = const. Notice that, if we demand the R±q -matrices to satisfy in addition to
(2.14) the condition
R+ − R− = (q − q−1)P, R− = P (R+)−1P, (3.104)
then one finds easily that Rˆ−Rˆ−1 = (q−q−1)I or (qRˆ)2+(1−q2)(qRˆ) = q2I
which is exactly the Hecke condition (3.103). Though the condition (3.104) may
appear to be rather restricted, it is interesting to check, that not only the matrices
(2.15), but also the whole class of R±-matrices related to Uq(gl(n + 1)) satisfy this
condition. In the next section we will be concerned basically with such R±-matrices,
since they through Yang-Baxterization allow an easy and systematic construction of
Lax operators and quantum R-matrices representing integrable systems.
Birman-Wenzl-Murakami (BWM) algebra [138] is of more general structure and
may be defined through the braid group relations (3.101) along with the condition
[4]
(Ri − c1)(Ri − c2) · · · (Ri − cn) = 0, (3.105)
where cr, r = 1, 2, · · · , n are constant eigenvalues. Note that in the restricted case
of n = 2, condition (3.105) reduces to (3.103), though otherwise it is more general
and applicable to all other R±-matrices not belonging to the Hecke class. Some
prominent examples of such R-matrices are those of the higher spin models as well
as of the models related to algebras other than gl(N). For the Yang–Baxterization
and other applications of the BWM algebra, the readers are referred to [43, 4, 91].
3.6 Significance of Hopf algebra in integrable systems
To clarify the significance of the Hopf algebra in integrable theory let us return to
the coproduct and multiplication properties of the algebra and the transition from
the local to the global QYBE, explained in sect. 2.
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We will discuss first the ultralocal case. Let San1 = I ⊗ I ⊗ I ⊗ · · · ⊗ Sa︸ ︷︷ ︸
n1
⊗I · · ·⊗I
and similarly San2 be two copies of generators of the quantum algebra, which trivially
commute. Due to the Hopf algebra structure the coproduct ∆Sa(n1n2) acting nontriv-
ially on both the spaces n1 and n2 satisfies again the same algebra. Continuing such
tensor products one obtains the coproduct acting globally on all the spaces (see fig
3.1 a,b,c). Note now, that L
(±)
1n1(S
3
(n1)
, S∓(n1)) and L
(±)
1n2(S
3
(n2)
, S∓(n1)) satisfy the FRT re-
lations R+ L
(±)
1ni L
(±)
2ni = L
(±)
2ni L
(±)
1ni R
+, for i = 1, 2 due to the related Sani satisfying
the algebra (3.69) or (3.71). The ultralocality condition [L
(±)
1n1 , L
(±)
2n2 ] = 0, holds
due to the validity of [San1S
b
n2
] = 0 . Finally, the coproduct ∆L
(±)
1(n1n2)
= L
(±)
1n1L
(±)
1n2
defined on both the lattice sites (n1n2) is again in upper (lower)-triangular form and
due to the Hopf structure of the elements ∆Sa(n1n2), becomes a solution of the same
FRT algebra
R+ (∆L
(±)
1(n1n2)
) (∆L
(±)
2(n1n2)
) = (∆L
(±)
2(n1n2)
) (∆L
(±)
1(n1n2)
) R+. (3.106)
Thus the coproduct ∆ : A → A⊗A of the Hopf algebra induces nonlocal operators,
continuing which asA → A⊗A⊗· · ·⊗A, we get the global object ∆L(±)1(1...N)(∆Sa(1...N))
defined on the whole interval [1, N ] (see fig. 3.2 a-c). Such a globalization of the FRT
algebra caused by the coproduct of the Hopf algebra (fig. 3.1 a-c), in fact represents
in the Yang-Baxterized form the construction of the global QYBE from the local one,
described in sect. 2 (fig. 2.2-2.6). Let us now focus on another important feature of
a Hopf algebra, namely the multiplication rule m : A ⊗ A → A and look into the
ultralocality condition we have crucially used. Though its action is easy to define
for the quantum algebra: m : (a ⊗ b) → a · b, this operation for the higher tensor
products, is given in a bit nontrivial way involving the the permutation operator
τ : b× c→ c× b m⊗ ≡ (m×m) : (id× τ × id). Thus we actually arrive at our
familiar relation (2.8) as
(a⊗ b) · (c⊗d) = (m×m)(a⊗ τ(b⊗ c)⊗d) = m(a⊗ c)×m(b⊗d) = ac⊗ bd (3.107)
where we have assumed the trivial permutation property τ(b ⊗ c) = c ⊗ b, which is
also true for the quantum algebra. Note that transition from local (3.76) to global
(3.106) and similarly for the QYBE’s related to the ultralocal models mimic the
multiplication property (3.107).
It is remarkable that even for nonultralocal models, as we will see below, the Hopf
algebra structure of the underlying algebra induces again the transition from the local
to the global braided QYBE (fig. 2.13, 2.14 ) crucial for the quantum integrability.
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3.7 Braided and quantized braided algebra
In general the permutation property of τ in (3.107) may become nontrivial :τ23 → ψ23
and unlike quantum algebras can modify the multiplication rule as
mB⊗B = (m×m) · (I ⊗ ψ23 ⊗ I) (3.108)
which is the main essence of the braided algebra [35]. Generalizing the notion of
superalgebra, the braided algebra B(R) may be defined through the commutation
relation
R21T1R12T2 = T2R21T1R12 (3.109)
for braided matrix T with constant solution R12 of YBE (2.14). If T
′ is another
independent braided matrix having the braided statistics
T2R
−1
12 T
′
1R12 = R
−1
12 T
′
1R12T2 , (3.110)
then ∆(T ) = TT ′ is also a braided matrix satisfying the same algebra B(R). This
shows that the braided algebra, though have complicated multiplication rule, has
the coproduct structure, an important ingredient of the Hopf algebra. The matrix
elements a, b, c, d of the 2 × 2-matrix T, T ′ generates different braided algebras for
different constant R-matrix solutions like standard, nonstandard, Jordanian forms
etc. [35].
Generalizing further to the quantized braided group QB(R,Z) [36, 37], along
with R-matrix another Z-matrix were introduced with R,Z being the solutions of
constant YBE’s [RRR], [ZZZ], [RZZ] and [ZZR]. Here we have used the obvious
notations [92] for writing constant YBE’s like (2.14). The defining algebraic relations
for QB(R,Z) may be obtained from equations like (2.48) as a particular case when
Z˜ = Z. This type of relations are responsible for the homogeneous braidings for all
copies of the algebra.
For incorporating different braidings for nearest and further neighbors, Z and Z˜
matrices were included along with the R matrix in the generalization of the quan-
tized braided algebra in [21]. Yang-Baxterizing the braided FRT relations given by
(2.48), one may arrive at the spectral parameter dependent BQYBE’s (2.45-2.47) etc.
suitable for describing integrable nonultralocal models. Therefore, in one hand such
equations serve for describing physical models including their conserved quantities
and on the other hand at the spectralfree limit (2.48) reproduce the abstract math-
ematical structures like quantized braided algebra [37] for Z˜ = Z and the braided
algebra [35] for Z˜12 = Z12 = R21.
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The Hopf algebra structure of the braided algebra plays the key role through
its coproduct in constructing the BQYBE for the monodromy matrix leading to the
quantum integrability of the nonultralocal models similar to the ultralocal case.
fig.3.1
Figure 3.1 Coproduct property of quantum algebra.
a)Generators Sani act nontrivially of the ni-th space. b)The coproducts ∆S
a
(n1n2)
act
nontrivially on both n1 and n2 spaces. c) The coproducts ∆S
a
(1···N) act globally on
all the spaces.
fig.3.2
Figure 3.2 a-c) FRT algebra and its tensor product induced by the coproduct
structure.
4 Construction of models from universal R-matrix
In sect. 2 we have given a list of ultralocal models along with their Lax operator
L(λ) and the associated quantum R(λ)-matrix. Here we focus on their origin and
construct them for a large class of models. This scheme
i) reveals the algebraic aspects of the ultralocal quantum integrable theory and
ii) using underlying algebraic structures constructs spectral parameter dependent
representative Lax operators in a systematic way.
It also highlights the following basic questions pertinent to the integrable systems
iii) explaining why a wide range of integrable models like sine-Gordon , derivative
nonlinear Schro¨dinger equation, massive Thirring model etc. share the same trigono-
metric R(λ)-matrix, while another large class including NLS model, Toda chain ,
isotropic spin-1
2
chain etc. are all associated with the same rational R(λ) matrix (see
the list in sect. 2).
iv) Thus it focuses on the commonness between such diverse models and tries to find
the guiding principle for classifying different classes of integrable models.
v) It identifies an algebraic criterion for defining the integrable nonlinearity, i.e. the
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nonlinearity that makes a system integrable.
4.1 Useful representations of universal R-matrix
The aim is to start from abstract algebraic structures and build systematically the
objects of direct relevance in integrable ultralocal models. We look first into the
universal R-matrix solutions like (3.94, 3.96) of the universal Yang–Baxter type
equation (3.93) and denote them by R+ and the related equation by (+ + +), since
their finite-dimensional representations as derived for example from (3.94), are of
upper-triangular form. It is easy to check that, if we define R−12 = (R+)−121 , it would
correspond to the representation in lower-triangular form and be a solution of the
universal (−−−) equation. More generally one would get the universal equations
Rǫ1
12
Rǫ2
13
Rǫ3
23
= Rǫ3
23
Rǫ2
13
Rǫ1
12
, (4.1)
of six different forms with ǫ1, ǫ2, ǫ3 occuring in the sequence + + +, + − −, + +
−, −−−, −−+, −++ . The validity of these equations can be proved starting from
the original one + + +, taking the inverse of R and renaming the quantum spaces
1, 2, 3 in a suitable order. At the same time one concludes also about the nonvalidity
of (± ∓ ±) type equations, which can hold only for triangular Hopf algebras with
R21 = R
−1
12 .
It is important now to show that, algebraic objects related to the quantum alge-
bras can be generated from the above universal equations and theR-matrices through
direct reductions. For finite-dimensional fundamental representations π acting in the
space 1 and 2, while 3 kept as the quantum space, one gets
(π ⊗ π)R12 = R+12, (π ⊗ I ⊗ I)R±13 = R±13 ≡ L(±)13 (4.2)
which reduce (4.1) clearly to the FRT algebra relations (3.76). Consequently, taking
the universal solution (3.94) and using the map π one may get the R± and L(±)
matrices in explicit form and hence derive the quantum algebra (3.69) from the
quadratic relations among the elements of L(±)a3. At the same time why FRT relation
like (+ − +) does not exist, is also answered promptly from the nonvalidity of such
universal equation.
Note that the complementary action of π on 3 → 3 with 1, 2 kept as quantum
spaces, derives from the same universal relations (4.1) the intertwining relation of the
universal R-matrix (3.89) and from the solution (3.94) the coproduct structures of
the quantized algebra (3.79). The action of π on all the spaces reduces (4.1) to the
spectral parameterfree YBE (2.14).
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4.2 Yang–Baxterization and construction of R-matrix and
Lax operator
It is crucial to observe that the FRT algebra relations (3.76) are quite similar to
the QYBE (2.9) and the algebra related objects L± and R± resemble closely to the
Lax operator L(λ) and the quantum R(λ, µ)-matrix associated with the integrable
systems. However the main distinguishing feature of the former algebraic entries is
their spectral independence. The spectral parameter on the other hand is an essential
item in the integrable theory. Therefore, for application to integrable systems we need
to introduce spectral parameters in the formal algebraic structures or in other words
Yang–Baxterize the FRT algebra.
To frame the scheme for generating integrable models we adopt sequentially the
following steps.
i) Start from the universal R-matrix and reduce it to R± and L(±) involved in the
FRT algebra.
ii) From the reduced universal YBE determine the underlying quantum algebra and
the related coproducts.
iii) Yang-Baxterize the FRT algebra to construct the Lax operator L(λ) and the
trigonometric Rtrig(λ − µ)-matrix of a generalized and exact integrable model
on a lattice, which may serve as an ancestor model.
iv) Find different realizations of the related quantum algebra and reduce conse-
quently the ancestor model to generate explicit Lax operators for variety of
integrable lattice models. Since the Yang-Baxterized ancestor Lax operator is
a solution of the QYBE, all the models generated from it must also be quantum
integrable and share naturally the same quantum R-matrix.
v) Continuum models are obtained from their lattice versions at the continuum limit
∆→ 0.
vi) For generating the class of models associated with the rational Rrat(λ − µ)-
matrix, we may take q → 1 limit in the above scheme. As a result the underlying
quantum algebra becomes a realization of the Yangian algebra and one recovers
consistently the relevant objects for the rational class of models.
This gives a systematic scheme for constructing the Lax operators and the quan-
tum R-matrices of different families of exactly integrable quantum models of ultralo-
cal class, both at the lattice and the continuum level. However, as we will see below,
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one encounters certain practical shortcomings of this scheme and has to prescribe
some working remedies.
For demonstration we take the simplest Uq(sl(2)) case and as itemized above,
look first for the universal R-matrix solution (3.94). Noting that, since π(S±) =
σ±, π(s3) = σ3 maps into Pauli matrices, we obtain using (4.2) explicit forms of L(±)
and R± reproducing the FRT algebra with (2.15) and (3.77), which yield naturally
the well known quantum algebra (3.69) as the underlying algebra.
The Yang–Baxterization of the FRT algebra , i.e. introduction of spectral param-
eters ξ = eiηλ, ζ = eiηµ, is in general a difficult task. However in the present case it
takes the simple form [43]
R(λ− µ) = ζ
ξ
R+ − ξ
ζ
R− , (4.3)
for the quantum R-matrix and similarly [33, 26]
L(λ) =
1
ξ
L(+) + ξL(−) , (4.4)
for constructing the Lax operator. For showing that R(λ−µ) and L(λ) thus obtained
indeed represent integrable systems, one has to check them as solutions of the QYBE.
Therefore inserting the above Yang–Baxterized forms in (2.9) and comparing the
coefficients of various powers of spectral parameters, we arrive at a set of seven
algebraic relations involving R± and L(±) . Six of them are same as the FRT
relations (3.76) and hold automatically, while the remaining one is
R+L
(−)
1 L
(+)
2 − L(+)2 L(−)1 R+ = R−L(+)1 L(−)2 − L(−)2 L(+)1 R− (4.5)
As we see, it is a combination of (±∓±) type relations and clearly does not belong
to the FRT algebra as explained above.
However the key observation is that, if we demand the R±-matrix to satisfy the
Hecke algebra (3.104), we may replace in (4.5) R± through each other, using the
Hecke condition R+ = R− + c P , which results
R−L
(−)
1 L
(+)
2 − L(+)2 L(−)1 R−(cP )L(−)1 L(+)2 − L(+)2 L(−)1 (cP )
= R+L
(+)
1 L
(−)
2 − L(−)2 L(+)1 R+ + (−cP )L(+)1 L(−)2 − L(−)2 L(+)1 (−cP ).
The above relations hold obviously due to the permutation property of P and the FRT
relations (3.76). We see thus that the FRT relations can be Yang–Baxterized as (4.3),
(4.4) to give the QYBE for the class of R-matrices belonging to the Hecke algebra.
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At the same time one generates also the spectral parameter dependent genuine R(λ)-
matrices and the Lax operators of quantum integrable systems. As mentioned, all
R-matrices related to the general Uq(gl(n+ 1)) exhibit the Hecke property.
It is illustrative to check that, the R(λ)-matrix built through Yang–Baxterization
(4.3) from the basic solutions (2.15) has the form
R1111 = R
22
22 = sin(λ+ α), R
22
11 = R
11
22 = sin(λ), R
21
12 = sinαe
iλ, R1221 = sinαe
−iλ
(4.6)
where α = h¯η and λ is scaled by η. Notice that this is the same trigonometric
solution (2.17,2.18) obtained as a direct solution of YBE (2.13). Similarly the spectral
dependent Lax operator, Baxterized as (4.4) from L(±) (3.77):
L(λ) =
 sin(λ+ ηs3), sin ηS−eiλ
sin ηS+e−iλ, sin(λ− ηs3)
 (4.7)
coincides with the expression (2.21), when the Sklyanin algebra is realized through
the generators of the quantum algebra as (3.68). It should be remarked, that the
above Yang–Baxterized R(λ−µ) and L(λ) matrices are in fact slightly different from
their earlier forms, while the exact coincidence is achieved by a simple and allowed
similarity transformation
R12(λ)→ A12(λ)R12(λ)A−112 (λ), and L12(λ)→ A12(λ)L12(λ)A−112 (λ)
with A12(λ) = e
iλ
2
(σ3⊗I−I⊗s3).
Now we come to the points v) and vi), i.e. to the practical applications of the
scheme for constructing explicit Lax operators of integrable lattice as well as field
models. For this we find different realizations of the underlying quantum algebra
Uq(sl(2)) (3.69) generated by S
±, s3. Inserting them subsequently in the Baxterized
L(λ) (4.7), which serves as an ancestor model, we generate easily the representative
Lax operators of other models. Since the ancestor model is quantum integrable with
trigonometric Rtrig(λ)-matrix (4.6), all its different descendants obtained through
particular realizations would evidently be quantum integrable and related to the
same Rtrig.
4.3 Models with trigonometric Rtrig(λ)-matrix
4.3.1 XXZ spin-1
2
chain
Simplest realization of the generators S±, s3 through Pauli matrices gives S± =
σ±, s3 = σ3 and since e±iησ
3
= cos η ± iσ3 sin η one gets [σ3]q = σ3, which reduces
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the quantum algebra (3.69) evidently to the spin algebra (3.71). The Baxterized L(λ)
operator reduces correspondingly to the form
Lxxz(λ) =
 sin(λ+ ησ3), sin ησ−
sin ησ+, sin(λ− ησ3)
 (4.8)
Note that this is the Lax operator of the quantum integrable anisotropic XXZ spin-1
2
chain listed in (2.29). The Hamiltonian of the model is derived in sect. 6 and the
eigenvalue problem is solved in sect. 7.
4.3.2 Sine-Gordon: lattice and field models
An important realization of the Uq(sl(2)) quantum algebra in bosonic operators un, pn
is
eiηs
3
=
√
2seiηu, S− = g(u)ei∆p, S+ = (S−)†, g(u) = [1 + 2s2 cos 2η(u+
1
2
)]
1
2 , (4.9)
where s = m∆
2
. Using the commutation relation [un, pm] =
i
∆
δnm, it is easy to check
that the mapping (4.9) satisfy the q-deformed algebra (3.69). Therefore we may
insert (4.9) in the general L(λ) (4.7) to obtain
Ln(λ) =
 m∆sin(λ+ ηun) g(un) eipn∆
e−ipn∆ g(un) m∆sin(λ− ηun)
 , (4.10)
with g(un) given as in (4.9). The lattice Lax operator generated by σ
1Ln(λ) ≡ L(lsg)n
represents exactly integrable lattice version of the sine-Gordon model listed in (2.31).
At the continuum limit ∆ → 0, as explained in sect. 2, we obtain L(lsg)n (λ) =
I−i∆Lsg. Using the limits up to the order ∆ giving un → u(x), pn → p(x), g(un)→
1, e±ipn∆ → I±i∆p(x) one derives finally from (4.10) the well known Lax operator
of the sine-Gordon field model as Lsg(λ) = p(x)σ3+k0 sin ηu(x)σ2+k1 cos ηu(x)σ2,
with the momentum vector k0 = m cosλ, k1 = im sin λ satisfying the relativistic
condition k20 − k21 = m2 . The energy spectrum and the physical significance of the
SG field model are discussed in sect. 7.
Note that both the lattice and the field SG models are associated with the same
trigonometric R(λ− µ) (2.18) obtained through Yang-Baxterization. It should how-
ever be remembered that, while the lattice version (4.10) is an exact solution of the
QYBE, the field Lax operator Lsg satisfies QYBE only up to first order in ∆, which
is enough for the field limit. Similarly, the quantum algebra realized exactly in the
lattice SG trivializes also at the continuum limit, though with some mysterious affine
quantum group symmetry appearing in the conserved quantities [93], which goes
beyond the present scope.
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4.3.3 q-oscillator model
q-oscillators or q-bosons may be defined through the commutation relations [94]
[A,N ] = A, [A†, N ] = −A†, AA† − q∓A†A = q±N (4.11)
An interesting realization of the quantum algebra (3.69) in q-oscillators may be given
through the q-Holstein-Primakov transformation [146]
S+ = ([2s− n]q) 12A, S− = A†([2s− n]q) 12 , s3 = s− n, A†A = [n]q (4.12)
while another simpler one through
s3 = N +
1
2
, S+ = κAq
N
2 , S− = κq−
N
2 A†, κ = (q − q−1) 12 . (4.13)
Using such realizations it is possible to construct from (4.7) quantum integrable
lattice models involving q-oscillators.
4.4 Multicomponent models
For constructing N⊗ N matrix Lax operators and N2 ⊗ N2 R(λ)-matrices associated
with multicomponent integrable models, we may start with the universal R0-matrix
∈ Uq(sl(n + 1)) ⊗ Uq(sl(n + 1)) given by (3.97,3.98), where N = n + 1. For finding
finite-dimensional fundamental representations (4.2) of R0, we may use the mapping
π(Hi) = Eii −Ei+1i+1, π(q±Hiii ) = 1 + Eii(q±1ii − 1) + Ei+1i+1(q∓1ii − 1)
π(X+i ) = Eii+1, π(X
−
i ) = Ei+1i, π(X
+
ij ) = Eij+1, π(X
−
ij ) = Ej+1i, (4.14)
where (Eij)kl = δikδjl, along with the relations (3.85). Since the R
±-matrices obtained
are again of the Hecke type, we may follow the steps (4.3,4.4) to construct the spectral
parameter dependent operators
R(λ−µ) = sin(λ−µ+α)
n+1∑
k=1
Ekk⊗Ekk+
n+1∑
i6=j
(sin(λ−µ)Ejj⊗Eii+sinαEij⊗Eji) (4.15)
and
L(N×N)(ξ) =
n+1∑
k=1
(ξωk + ξ
−1ω−1k )Ekk + sinα
∑
i<j
ξEij+1ωieji − ξ−1Ej+1ieijω−1i (4.16)
where
ωk = q
(
∑n
s=k
Hs−
∑n
i=1
iHi
n+1), ωn+1 = q
−
∑n
i=1
iHi
n+1 , e±i = q
− 1
2X±i q
∓
Hi
2 (4.17)
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for k = 1, · · · , n and the operators eij correspond to the nonsimple roots∑js=i αs. For
generating multicomponent integrable lattice models from (4.16) associated with the
quantum R-matrix (4.15), we have to consider different realizations of the underlying
quantum algebra in more physical variables like bosonic, q-bosonic or spin variables.
4.4.1 Generalized spin model
For fundamental models the Lax operator (4.16) coincides with (4.15) due to the
mapping (4.14) and represents quantum integrable model with interacting generalized
spin operator Eij [96]. Due to the regularity condition R(λ = 0) = P the Hamiltonian
of the model can be constructed following sect. 6 and the eigenvalue problem can be
solved using nested Bethe ansatz described in sect. 7.
4.4.2 Multicomponent q-bosonic model
Consider q-bosonic realization of the higher rank quantum algebra Uq(sl(n + 1)):
Hi = Ni −Ni+1, N1 = (n + 1)s−
n+1∑
k=2
Nk for i = 1, 2 . . . , n
X+k = A
†
kAk+1, X
+
1 = ([N1]q)
1
2A2, X
−
k = (X
+
k )
† (4.18)
with k = 2, 3 . . . , n. Here s is an arbitrary parameter and A†k, Ak are n number of
q-bosonic operators with deformed commutation relations
[Ak, A
†
l ] = δkl
cos(α(Nk +
1
2
))
cos α
2
, [Nk, A
†
l ] = δklA
†
l , [Nk, Al] = −δklAl. (4.19)
With such realization and relation (4.17), (4.16) represents the Lax operator
Ln(λ)
(multi−q) of a quantum integrable multimode q-bosonic model [40].
4.4.3 Toda field model
Let us consider a realization of the above q-bosons in canonical variables [uan, p
b
m] =
iδnmδab as
Ai = q
(~ρi ~p) [Ni]q, A
†
i = [Ni]q q
−(~ρi ~p) Nk = ~αk ~u+ s (4.20)
with i = 2, 3, . . . , n+1 and k = 1, 2, . . . , n+1, where ~αi and ~ρi are the simple roots and
fundamental weights of sl(n+1), respectively with the relation (~αi ·~ρj) = δij , i, j =
2, 3, . . . , n + 1. Here we have assumed ~α1 = −∑n+1i=2 ~αi and ~ρ1 = 0. It is curious
to note that this realization of q-boson reduces the Lax operator Ln(λ)
(multi−q) or
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equivalently, the original L-operator (4.16), with the use of (4.18) to the well known
lattice regularized version of the Toda field model Ln(λ)
(todafield) [44]. Obviously for
n = 1 we recover the lattice SG model.
By rescaling ~p→ ∆~p and adjusting the parameters one can introduce the lattice
constant ∆ and go to the continuum limit at ∆ → 0, to generate the Lax operator
of the Toda field models.
4.5 Models with twisted Rθtrig(λ)-matrix
For constructing more general integrable models we may consider R ∈ Uq(gl(2) ⊗
Uq(gl(2)) constructed in (3.100). However instead of repeating the Yang-
Baxterization [40], we can obtain the spectral parameter dependent R˜-matrix and
the Lax operator by twisting the previous Yang-Baxterized forms (4.6,4.7) with
suitable representations of the operator F = eiθ(s3⊗Z−Z⊗s3). This gives through
R˜θtrig(λ− µ) = F (θ)Rtrig(λ− µ)F (θ) with F12(θ) = eiθ(σ3⊗I−I⊗σ3) the twisted quan-
tum Rθtrig(λ)-matrix
R˜1111 = R˜
22
22 = sin(λ+ α), R˜
22
11 = sin(λ)e
−iθ, R˜1122 = sin(λ)e
iθ, R2112 = R
12
21 = sinα
(4.21)
and similarly the twisted Lax operator as
L˜an(λ, θ, Zn) = Fan(θ, Zn)Lan(λ)Fan(θ, Zn), Fan(θ, Zn) = diag
(
eiθ(Zn−s
3
n), e−iθ(Zn+s
3
n)
)
(4.22)
where Lan(λ) is given by (4.7). We have chosen here π(Za) = 1, a = 1, 2 to exclude
the color parameters, which will be considered below.
4.5.1 Generalized Wu-McCoy model
As examples of concrete models we may consider simply the fundamental represen-
tation of the Lax operator (4.22) coinciding with (4.21), which would correspond to
the spin Hamiltonian
H =
∑
m
1
2
cosασ3mσ
3
m+1 + e
1
2
(Zm+Zm+1)θσ+mσ
−
m+1 + e
− 1
2
(Zm+Zm+1)θσ−mσ
+
m+1. (4.23)
Note that for Zm = 1 it reduces to the Wu-McCoy model (2.30) of ferroelectric in
a constant external electric field θ, the Hamiltonian construction of which is dealt
in (6.18). Therefore, (4.23) may be considered as the Wu-McCoy or the asymmetric
6-vertex model [144] placed in an inhomogeneous electric field Z(m)θ and solvable
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through the Bethe ansatz. Similarly, one may choose more general twisting with color
representations π(Za) = λ¯a, relating to the spectral parameters as λ¯1 = cλ, λ¯2 = cµ
and construct the corresponding Lax operator from (4.22). In the simplest case (see
(6.17)), such color parameters induce interaction with an external magnetic field.
4.5.2 Generalized lattice sine-Gordon model
The Lattice sine-Gordon model obtained above can be generalized (θLSG) to include
nontrivial parameters θ and Zn, retaining its quantum integrability. The correspond-
ing Lax operator can be constructed by a θ twist of L(lsg)n (λ) (4.10) related to the
lattice SG model as
L(θlsg)n (λ, Zn) = Fn(θ, Zn)L
(lsg)
n (λ)Fn(θ, Zn), Fn(θ, Zn) = diag
(
eiθ(Zn−un), e−iθ(Zn+un)
)
(4.24)
4.6 Multiparameter and color generalizations
We can construct integrable multiparameter models by introducing parameters in the
multicomponent Lax operator (4.16) through twisting transformation. The concerned
universal R-matrix belongs to ∈ Uq(gl(n+ 1))⊗ Uq(gl(n+ 1)) and may be obtained
using the twisting operator (3.99) as
G(φij , vj) = exp
−1
2
(
∑
jk
vja
jk(Hk⊗Z − Z⊗Hk)− 2
∑
ij
φijHi⊗Hj
 (4.25)
by specializing M = 1, qii = q
2, Hα = Z, aij = 2δij − δij+1 − δij−1.
Here the φij, vj are external parameters along with a central operator Z respon-
sible for the color parameters. Note that, nontrivial φij can be introduced starting
from n ≥ 2 only, i.e. at least from gl(3), while the parameter v1 ≡ θ can appear
even in gl(2), as considered above. Remarkably for reductive type algebras some
additional nontrivial parameters might arise due to the presence of central opera-
tors Z, since one can consider Z to have different eigenvalues in different spaces, i.e.
(πλ¯ ⊗ I)Z = λ¯I ⊗ I, while (I ⊗ πµ¯)Z = µ¯I ⊗ I. Parameters λ¯, µ¯ may be taken as the
color parameters.
Therefore, we may construct the multiparameter Lax operators by twisting (4.16)
through the operator
(πλ¯ ⊗ I ⊗ I)G13 = G13(λ¯, φij, vj) =
n+1∑
k=1
Tk(φij)Wk(λ¯, vj)Ekk (4.26)
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where
Tk(φij) = e
−
∑n
j=1
(φkj−φk−1j)Hj , Wp(λ¯, vj) = e
1
2
(
λ¯
∑n
jl
vja
jlHl+Z(
∑n
j=1
jvj
n+1
−
∑n
s=p
vs)
)
,
(4.27)
for p = 1, · · · , n with φ0j = φn+1j = 0, while Wn+1(λ¯) = e
1
2
(
λ¯
∑n
jl
vja
jlHl+Z
∑n
j=1
jvj
n+1
)
.
The Lax operator of multicomponent multiparameter quantum integrable models
thus can be generated from the N × N Lax operator L(N×N)13 (ξ) (4.16) using (4.26)
as
L˜13(ξ, λ¯, vj , φij) = G13(λ¯, φij, vj)L
(N×N)
13 (ξ)G13(λ¯, φij, vj) (4.28)
where φij , vj are additional parameters apart from the color parameter λ¯. As men-
tioned, the contribution from Tk(φij) introducing parameters φij starts for the higher
rank algebras with n ≥ 2, while parameters vj through Wp can enter even for
Uq(gl(2)).
4.6.1 Multiparameter multimode q-bosonic model
Multiparameter generalization of the multimode q-bosonic Lax operator L(multi−q)n
constructed above, can be obtained by transformation like (4.28) with twisting oper-
ators Gqoscln obtained from (4.26,4.27) by using the q-bosonic realization (4.18).
4.6.2 Multiparameter Toda field model
Performing twisting (4.28) on the discretized Toda field Lax operator L(todafield)n (λ)
[44] obtained above, it can be generalized to include parameters λ¯, φij, vj, i, j =
1, 2, . . . , n along with the constant inhomogeneous field Zn. For this one has to make
only the replacement through bosonic operators Hi = ui in the expressions (4.27).
Note that n = 1 case recovers the generalized lattice SG model.
It should however be remarked that, though such multiparameter quantum models
are exactly integrable at the discrete level, whether they lead to any sensible field
models at the continuum limit is not yet clear.
4.6.3 Multiparameter trigonometric R(λ)-matrix
The multiparameter models are associated with the multiparameter generaliza-
tion of the trigonometric R(λ − µ)-matrix, which can be obtained by twisting of
(4.15): R˜12 = G12R12(λ − µ)G12 where G12 ≡ G12(λ¯, µ¯, φij, , vj)) is obtained as
(I ⊗ π)G12(λ¯, φij, vj) = G12(λ¯, µ¯, φij, vj) from G12 (4.26). In the explicit form the
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R˜-matrix is given by
R˜ (λ− µ, λ¯, µ¯, φij, vj) = sin(λ− µ+ α)
n+1∑
k=1
g2kkEkk ⊗Ekk + sin(λ− µ)
n+1∑
k>j
(g2kjΦkj
Ejj ⊗Ekk + g2jkΦ−1kj Ekk ⊗Ejj) + sinα
∑
i6=j
gijgjiEij ⊗ Eji (4.29)
with the notation
gij =
f 2i (µ¯, {vn})
f 2j (λ¯, {vn})
, fl(λ¯, {vn}) = e
λ¯
2
(∑n
j=1
jvj
n+1
−
∑n
t=l
vt
)
.
(4.30)
Note that the θ-deformed R (4.21) can be recovered from the general (4.29) as a
particular case.
Interpreting the color parameters as spectral parameters: λ¯ = cλ, µ¯ = cµ, one
can get from (4.29) a R-matrix with two sets of spectral parameters with nonadditive
dependence. Recall that in standard integrable models the known quantum R(λ−µ)-
matrices (see (2.17)) depend additively on spectral parameters.
For the special colorfree choice fk(λ) = 1 and fk(µ) = Xk, (4.29) reduces to
R(λ) = sin(λ+ α)
n+1∑
k=1
X2kEkk ⊗ Ekk + sinλ
n+1∑
k>j
(ΦkjX
2
kEjj ⊗ Ekk
+ Φ−1kj X
2
jEkk ⊗Ejj) + sinα
∑
i<j
XiXj(Eij ⊗ Eji + Eji ⊗Eij), (4.31)
recovering the well known Perk-Schultz model [97]. Thus it shows a remarkable con-
nection between an integrable statistical model constructed in a traditional way and
the representation of the universal R-matrix constructed through twisting transfor-
mation. The additional parameters ǫα = ±1 appearing in the diagonal elements of
the Perk-Schultz model can be generated if one starts from a universal R-matrix
related to noncompact groups (nonstandard R-matrix [142]).
4.7 Models with rational Rrat(λ)-matrix
As explained in sect. 2, at the limit q → 1 both R,L operators are reduced to their
rational limits. The rational R-matrices can be obtained from the trigonometric
(4.15) or (4.29) by taking the limit η → 0 in λ ≡ ηλ, α = ηh¯, which amounts to the
formal replacement of sin(λ − µ) → λ − µ, sin(λ − µ + α) → λ − µ + h¯ etc. As a
result (4.15) gives
Rrat(λ− µ) = (λ− µ)I + h¯P, P =
N∑
ij
Eij ⊗ Eji (4.32)
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with P being the permutation operator.
On the other hand at the rational limit the quantum algebra generators reduce
to spin operators, which in turn transforms the L operator (4.7) to its rational form
L(λ) =
 λ+ s3 s−
s+ λ− s3
 , (4.33)
with s±, s3 being the generators of the standard sl(2) algebra (3.71). Different real-
izations of the spin operators generate different integrable models from (4.33) and all
of them are associated with the same rational R-matrix (4.32) for N = 2, which also
coincide with (2.19) obtained earlier as a direct solution of YBE.
4.7.1 XXX spin-1
2
chain
Spin-1
2
representation through Pauli matrices, rewrites (4.33) into
L(xxx)n (λ) = i(λI + (σ
3σ3n + σ
+σ−n + σ
−σ+n ) (4.34)
generating the Lax operator of the XXX spin chain listed in (2.38) and analyzed in
sect. 6 and 7. Note that L(xxx) can also be obtained from (4.8) at the rational limit.
Similarly, the multiparameter isotropic generalized spin models can be obtained
at the rational limit of (4.15) or (4.29).
4.7.2 Nonlinear Schro¨dinger equation: lattice and field models
Through bosonic realization of spin operators called Holstein-Primakov transforma-
tion
s+ = (∆(2s−∆ψ†ψ)) 12ψ, s− = ψ†(∆(2s−∆ψ†ψ)) 12 , s3 = s−∆ψ†ψ, (4.35)
with [ψn, ψ
†
m] = h¯
δnm
∆
, one can construct from (4.33) the Lax operator of the exact
lattice version of the NLS model as
L(lnls)n (λ) = λ+(s−∆ψ†nψn)σ3+
√
∆(2s−∆ψ†nψn)
1
2ψ†nσ
++
√
∆ψn(2s−∆ψ†nψn)
1
2σ−
(4.36)
as listed in (2.39). We return to this model in sect. 6 for the Hamiltonian constructing
and in sect. 7 for its exact Bethe ansatz solution. Considering the spin parameter
s = κ∆−1 and taking the continuum limit ∆ → 0, we obtain s+ → √κψ†, s− =√
κψ†, ∆s3 → 1 with ψn → iψ(x), leading to ∆κ σ3L(lnls)n → I + − iκ∆Lnls(λ) and
thus generating the Lax operator of the NLS field model
Lnls(λ) = iλσ3 + κ 12 (ψ†(x)σ+ + ψ(x)σ−. (4.37)
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The vector NLS model can be constructed from the rational limit of (4.16) with
proper bosonization. Another possibility of the vector NLS will be considered in the
next section.
4.8 Models with twisted rational Rrat(λ)-matrix
Note that the twisting operator F (θ, Zn) involved in transforming the R-matrix and
the Lax operator remains the same at the rational limit, since it does not contain the
deformation parameter η. The rational R-matrix (4.32) therefore twisted into
R˜θrat(λ− µ, θ) = (λ− µ)T + h¯P, T = diag(1, e−iθ, eiθ, 1) (4.38)
while the Lax operator (4.33) turns into
L(λ) =
 (λ+ s3)eiθs3 , eiθ(s3+ 12 )s−
s+eiθ(s
3+ 1
2
), (λ− s3)eiθs3
 (4.39)
It is clear that the spin-1
2
representation will lead to the Lax operator of a θ deformed
XXX chain given by (4.38) and corresponds to the Hamiltonian
Hθxxx =
∑
m
1
2
σ3mσ
3
m+1 + e
iθσ+mσ
−
m+1 + e
−iθσ−mσ
+
m+1 (4.40)
obtained also from (4.23) at the isotropic limit.
On the other hand the Holstein-Primakov transformation (4.35) would lead (4.39)
to a θ-deformed lattice NLS model (θ-LNLS). Such θ-LNLS would represent an exact
quantum integrable discrete bosonic model associated with the twisted Rθrat-matrix
(4.38). Twisting transformations on multicomponent systems likewise would generate
multiparameter models. However it is not clear, whether proper continuum limit
exists for such discrete systems leading to any new field models.
Note that the systematic constructions described here have partially answered the
points raised in the beginning of this section. We shall elaborate on this issue after
the constructions in the next section.
5 Construction of models from extended trigono-
metric Sklyanin algebra
A systematic scheme for constructing integrable ultralocal models starting from the
universal R-matrix is formulated in the previous section. We detect however its
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shortcomings by noticing that, following this approach we could discover not all
the ultralocal models listed in sect. 2 , but only a few of them, which constitute
certain symmetric class. Such models include spin models, sine-Gordon, Toda field
models and the nonlinear Schro¨dinger equation. The reason is simply the fact that,
since we are confined to the universal R-matrix belonging to Uq(gl(n+1)), we could
generate only those models which can be obtained as realizations of the quantum
algebra, i.e. the models with Lax operators having certain symmetric form. On the
other hand, as seen clearly from the list in sect. 2, there are models with diverse
nonsymmetric structures. This demands therefore that the present scheme should be
modified suitably to incorporate also the generation of these models. It seems that
one can do so by proposing a more general type of deformed algebra [27], but at the
cost of loosing some generality.
It is found that that at the representation (4.2), when the universal YBE (4.1)
reduces to the relations (3.76), it acquires some extra freedom allowing more general
choice for L
(±)
13 than (3.77) obtained as a direct realization of R-matrix related to the
known quantum algebra. To identify such general algebraic structures let us choose
L± in upper/lower-triangular form
L(+) =
 τ+1 τ21
τ+2
 , L(−) =
 τ−1
τ12 τ
−
2
 , (5.1)
with yet unspecified operators ~τ . Note however that R±12 = R
±
q are unchanged from
(2.15) and keeps track of the R from which it has been originated through repre-
sentation (4.2). Interestingly, Using L(±) operators as (5.1) along with (2.15) one
extracts from the FRT relations (3.76) a new type of quadratic algebra
[τ12, τ21] = − (q − q−1)
(
τ+1 τ
−
2 − τ−1 τ+2
)
,
τ±i τij = q
±1τijτ
±
i , τ
±
i τji = q
∓1τjiτ
±
i , (5.2)
for i, j = (1, 2); q = eiα. The related Casimir operators may be given by
D1 = τ
+
1 τ
−
1 , D2 = τ
+
2 τ
−
2 , D3 = τ
+
1 τ
+
2 , D4 = 2 cosα
(
τ+1 τ
−
2 + τ
−
1 τ
+
2
)
− [τ12, τ21]+
(5.3)
To study the properties of this algebra one should find the coproduct ∆, antipode S
and the counit ǫ related to it. Using the formulas like (3.79) it results
∆(τ±i ) = τ
±
i ⊗ τ±i , ∆(τ21) = τ+1 ⊗ τ21+ τ21⊗ τ+2 , ∆(τ12) = τ−2 ⊗ τ12+ τ12⊗ τ+1 , (5.4)
S(τ21) = −(τ+1 )−1τ21(τ+2 )−1, S(τ12) = −(τ−2 )−1τ12(τ−1 )−1, S(τ±i ) = (τ±i )−1 (5.5)
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and ǫ(τ±i ) = 1, ǫ(τij) = 0. This establishes the essential Hopf algebra properties of
(5.2), though its quasi-triangularity i.e. the existence of universal R-matrix is still
an open problem.
For relating (5.2) with known algebras, one may check that it maps into (3.66)
for the symmetric reduction
τ+1 = −τ−2 =
S3
2 cos α
2
+
S0
2i sin α
2
, τ12 = 2i sinαS−, τ21 = 2i sinαS+
τ−1 = −τ+2 =
S3
2 cos α
2
− S
0
2i sin α
2
, (5.6)
along with its Casimir operators. Therefore the quadratic algebra (5.2) is an exten-
sion of the trigonometric Sklyanin algebra (ETSA) [27]. It is related also through
symmetric reduction (5.6) and the mapping (3.68) to the standard quantum algebra
(3.69) with generators (I, s3, S±) as
τ±1 = − τ±2 = ±Ω−1q±s
3
, , τ12 = −ΩS+, τ21 = ΩS− , Ω ≡ (q − q−1) (5.7)
with q = eiα
5.1 Ancestor model with trigonometric Rtrig(λ)-matrix
Note that compared to the previous procedure, the L(±) operators have been
changed here, while the R± matrices remain untouched. Therefore the above Yang–
Baxterization procedure, valid for R-matrices with Hecke algebra must also go
through in the present scheme. As a result one arrives at the same Rtrig(λ − µ)
matrix (4.6), while the related L(λ) operator takes the form
Ltrig(ξ) =
 ξτ−1 + 1ξ τ+1 τ21
τ12 ξτ
−
2 +
1
ξ
τ+2
 , (5.8)
with the upper and lower triangular parts coming from L+ and L− are combined
through the spectral parameter ξ = eηλ. Since by construction this L(λ) operator
along with the R-matrix solution (4.6) satisfy the QYBE (2.9), one can take (5.8) as
the Lax operator of some generalized ultralocal integrable model. Such a quantum
model would involve abstract operators {~τ} satisfying the q-deformed algebra (5.2)
and would be associated with the trigonometric Rtrig(λ − µ) matrix. For physical
applications, (5.8) can be looked as an ancestor model, which under different reduc-
tions and suitable realizations through bosonic, q-bosonic or spin operators can lead
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to various ultralocal descendant models. All such descendant models would naturally
be quantum integrable, satisfy the QYBE’s (2.9,2.11) and share the same quantum
Rtrig(λ)-matrix inherited from the ancestor model.
Among different reductions of the ETSA (5.2), there is a special symmetric one
τ+1 = − τ−2 = − (τ−1 )−1 = (τ+2 )−1, τ12 = (τ12)† (5.9)
which corresponds to (5.7) and links it to the standard Uq(sl(2)) . Such realization
in quantum algebra generators reproduces clearly from (5.8) the symmetric ancestor
model (4.7) and generates the important class of integrable models with the underly-
ing Uq(sl(2)) symmetry. Recall that such models constructed in the previous section
from (4.7) and its rational limit (4.33) include XXZ and XXX spin-1
2
chains, SG
and NLS models etc.
5.2 Integrable reductions of ancestor model
Note that though ETSA can be mapped into the quantum algebra as (5.7) for invert-
ible nonsingular generators, it allows in general richer possible realizations through
nonsymmetric reductions. Consequently, much wider class of models can be gener-
ated, which are not reachable from the quantum algebra without undergoing limiting
procedures. Some of such interesting cases are listed below, though in no way they
exhaust all possibilities.
Let us consider a particular nonsymmetric reduction
τ+2 = 0, τ
+
1 = τ
−
2 = c( τ
−
1 )
−1, τ12 = (τ21)
†, c = const. (5.10)
which corresponds to the quadratic algebra
[τ12, τ21] = − 2i sinα(τ+1 )2 , τ+1 τ12 = eiατ12τ+1 , τ+1 τ21 = e−iατ21τ+1 , (5.11)
reducible from (5.2). Through bosonic and q-bosonic realizations of this algebra we
construct below nontrivial models.
5.2.1 Liouville lattice and field models
Consider realization of (5.11) with τ−1 = 0 in canonical operators having [u, p] =
ih¯
∆
in the form
τ+1 = ∆ e
iηu, τ21 = e
−i∆pf(u), τ12 = f(u)e
i∆p, f(u) =
(
1 + ∆2 eiη(2u+ih¯)
) 1
2
(5.12)
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This results from (5.8)
L(llm)n (ξ) =
 ∆ξeηun f(un) epn∆
e−pn∆ f(un) ∆ξe
ηun
 , where f(un) = [1 + ∆2eη(2un+i)] 12
(5.13)
giving Lax operator of the exact lattice version of the quantum Liouville model (LLM)
listed in (2.32). At the continuum limit: ∆ → 0, when (un, pn) → (u(x), p(x)) with
[u(x), p(y)] = h¯δ(x− y) and e±i∆pn → I +±i∆p(x), f(un)→ I, the lattice version
(5.13) would lead to L(llm)n (ξ)σ
1 → I +∆Llm(ξ) yielding the Lax operator
Llm(ξ) = −pσ3 + (1
ξ
σ+ + ξσ−)eηun (5.14)
of the well known Liouville field model (LM) listed in (2.26). Both the lattice as well
as the field Liouville models have the same Rtrig(λ) as the ancestor model (5.8).
Note that for the choice c = −∆2 in reduction (5.10) one gets yet another simple
and similar realization
τ+1 = ∆e
−iηu , τ21 = e
i∆p , τ12 = f
2(u) e−i∆p, (5.15)
with f(u) being as defined in (5.12). This leads to (after multiplying by σ1 from the
left)
Lllm1(λ) =
 ei∆p ∆eiη(λ−u)
−2i∆sin η(λ+ u) f 2(u) e−i∆p
 , (5.16)
representing the Lax operator of a nontrivial spectral parameter dependent lattice
Liouville model, solved recently using algebraic Bethe ansatz in [46], where this model
has been derived directly from the sine-Gordon model invoking some nontrivial lim-
iting procedures.
We consider next partially symmetric reduction of (5.2)
τ+1 = −c (τ−1 )−1 = (τ+2 )−1 = c−1 τ−2 , τ21 = τ †12 (5.17)
giving the algebra
[τ21, τ12] = −2ic sinα (τ+21 + (τ+1 )−2) . (5.18)
5.2.2 q-oscillator model
Note that though for c 6= 0 (5.17) can be mapped into the quantum algebra (3.69),
in general it gives more freedom of choice and for c = i∆q
4
through realization
τ+1 =
4iq
∆
τ−2 = q
−N , τ+2 = −
4i
∆q
τ−1 = q
N , τ12 = −κA, τ21 = κA† (5.19)
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where κ = (1
2
∆sin 2α)
1
2 and A,A† are q-oscillators or q-bosons with the commutation
relations (4.11), we can construct an integrable lattice q-oscillator model
L(qoscl)n (ξ) =
 1ξ q−Nn − iξ∆4 qNn+1 κA†n
−κAn 1ξ qNn + iξ∆4 q−(Nn+1)
 , (5.20)
listed in (2.33).
Another such realization may be given as reduction (5.10) by
τ+1 = q
N+ 1
2 , τ21 = Ag(N), τ12 = g(N)A
†, (5.21)
where g2(N) = (q − q−1) qN . The Lax operators L(qboson)n of the corresponding
quantum integrable lattice models involving q-bosons can be obtained by inserting
(5.21) in the ancestor operator (5.8).
5.2.3 Derivative NLS: lattice and field models
Curiously the q-oscillator model (5.20) can be interpreted as the lattice DNLS model.
To see this we express q-oscillators through bosonic operators with [ψn, ψ
†
m] =
h¯
∆
δnm
as
An = (
∆
h¯
)
1
2 ψn
√
[Nn]q
Nn
, Nn =
∆
h¯
ψ†nψn (5.22)
and inserting in (5.20) obtain the Lax operator L(ldnls)n (∆, ξ) of an integrable bosonic
model, which satisfies the QYBE in all orders of ∆ with the trigonometric R-matrix
(4.6). To identify L(ldnls)n (∆, ξ) as the exact lattice regularized version of the DNLS
field model (LDNLS), we take the limit lim∆→0 ξL
(ldnls)
n (∆, ξ) = I +∆Ldnlsn (λ) by
using q±Nn → I ± ηψ†nψn, κAn → ∆ψn etc. with q = eiη and demand it to satisfy
the QYBE up to order ∆. However we face an initial difficulty due to the fact, that
such naive limit does not satisfy the QYBE up to the required order and the coupling
constants needs to be regularized as
1 + iκ−h = e
−iα, 1− iκ+h = eiα, h = − sinα.
This gives
Ldnlsn (ξ) = i
 −14ξ2 + κ−(ψ†nψn), ξψ†n
ξψn,
1
4
ξ2 − κ+(ψ†nψn)
 (5.23)
and defining the field as ∆ψn =
∫ xn+∆
xn
ψ(x)dx with the commutator [ψ(x), ψ†(y)] =
− sinαδ(x− y), we finally arrive from (5.23) at the Lax operator
Ldnls(ξ) = i
(
−1
4
ξ2σ3 + ψ†(x)ψ(x)κ + ξ(ψ†(x)σ+ + ψ(x)σ−)
)
, κ = diag(κ−,−κ+)
(5.24)
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of the DNLS field model listed in (2.27). The model is solved exactly through Bethe
ansatz in sect. 7. The explicit forms of the conserved quantities including the Hamil-
tonian of the model Hdnls are
C0 =
∫ +∞
−∞
ψ†ψ dx , C1 = 4i
∫ +∞
−∞
ψ†ψx dx ,
Hdnls =
1
8
C2 =
∫ +∞
−∞
( ψ†ψxx − 2ic(ψ†ψ)ψ†ψx ) dx , (5.25)
etc.
It is remarkable that, while the standard derivative NLS [98] is nonultralocal [49]
and could not be solved through QIST, the present DNLS model generated from the
underlying quantized algebra (5.2) is ultralocal and Bethe ansatz solvable.
5.2.4 Massive Thirring model
Notice an important symmetry of the algebra (5.2), that the relations remain un-
changed under the replacement
(τ+1 , τ
−
1 )⇀↽ (τ
−
2 , τ
+
2 ). (5.26)
Using this property we can have another realization like (5.19) in an independent q-
oscillator mode (A2, A
†
2) giving another Lax operator L
qoscl(2) similar to Lqoscl(1) (2.33).
Since the product of mutually commuting L-operator solutions of QYBE is itself a
solution, L2−qoscln = L
qoscl(1)
n L
qoscl(2)
n must be a solution of QYBE and consequently
would represent the Lax operator of an integrable model with two independent q-
oscillator modes ([32])
L2−qoscln (ξ) =
 L11, L12
−L†12, L†11
 (5.27)
with the elements
L11 = q
−N1+N2 − ∆
4iξ2
q−(N1+N2+1) − ∆ξ
2
4i
qN1+N2+1 +
∆2
16
qN1−N2 − κ2A†1A2
L12 =
κ
ξ
(
q−N1A†2 −
∆
4i
A†1q
N2+1
)
+ κξ
(
A†1 q
−N2 − ∆
4i
qN1+1A†2
)
(5.28)
and their complex conjugates. It is exciting to note that, when mapped through
bosons as (5.22), the Lax operator (5.27) represents an exact lattice version of the
massive Thirring model (LMTM) (bosonic), which satisfies QYBE in all orders of ∆
with trigonometric R(λ)-matrix.
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At the continuum limit the Lax operator of the corresponding field model reads
Lmtm = i
(
1
4
(
1
ξ2
− ξ2)σ3 + κρ1 − κ˜ρ2 + (ξψ†1 +
1
ξ
ψ†2)σ
+ + (ξψ1 +
1
ξ
ψ2)σ
−
)
. (5.29)
with ρa = (ψ
†
aψa), κ = diag(κ−,−κ+), and κ˜ = diag(κ+,−κ−). (5.29) coincides
with the two component relativistic field model [99] and also generates the well known
massive Thirring model (bosonic) (MTM) with the Lagrangian
L =
∫
dxψ¯(iγµ∂µ −m)ψ − 1
2
gjµjµ j
µ = ψ¯γµψ,
where ψ = (ψ1, ψ2), [ψa(x).ψ
†
b(y)] = h¯δabδ(x− y).
Let us consider one more nonsymmetric reduction
τ−1 = τ
−
2 = 0, τ
+
1 = (τ
+
2 )
−1, [τ21, τ12] = 0 (5.30)
and its complementary one, obtained through the symmetry (5.26), both of which
answer to the simple algebra
[τ12, τ21] = 0 , τ
+
1 τ12 = e
iατ12τ
+
1 , τ
+
1 τ21 = e
−iατ21τ
+
1 . (5.31)
This allows generation of various other models through different realizations. For
example, a lattice version of the light-cone sine-Gordon model (LCSG) studied in
[100] is obtained for
τ+1 = e
−i∆p, τ12 = τ
†
21 = i∆e
iηu. (5.32)
On the other hand, the realization
τ+1 = −(τ−1 )−1 = −eηp, τ21 = −(τ12)−1η2 = ηeu (5.33)
yields a discrete-time or relativistic Toda chain (RTC) with the Lax operator
L0(λ) =
 1ξeηp − ξe−ηp ηeq
−ηe−q 0
 . (5.34)
The Hamiltonian and momentum of the model are given by
H =
∑
i
(
cosh 2ηpi + η
2 cosh η(pi + pi+1)e
qi−qi+1
)
,
P =
∑
i
(
sinh 2ηpi + η
2 sinh η(pi + pi+1)e
qi−qi+1
)
. (5.35)
derivation of which from the Lax operator is shown in sect. 6. A family of such
relativistic quantum Toda chains are constructed below.
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5.2.5 Discrete-time quantum Toda like model
We consider now another nonsymmetric realization of (5.2) through q-oscillators at
lattice site i as
τ±1i = ∓
h¯γ
2 sinα
e∓η(Ni+ωi), τ±2i =
αiβi
2γ
e±ηNi , τ21i = βiA
+
i , τ12i = αi cosα A
−
i , (5.36)
where α ≡ h¯η, h¯, γ, η are homogeneous and αi, βi inhomogeneous constant param-
eters, A± are q-oscillators, a bit different from [94] and given by the commutation
relations
[Nk, A
±
l ] = ±iδklh¯ A±k , A−k A+l − e∓2ih¯ηA+l A−k = iδklh¯ e±η(2N+ω−ih¯) (5.37)
Through canonical variables these operators may be expressed as
N = pq, A− = qf(N), A+ = f(N)p, (5.38)
with f 2(N) = ih¯
2 cos h¯η [ih¯]η
1
N
([2N + ω − ih¯]η − [ω − ih¯]η) and [x]η = sinh ηxsinh η .
Inserting (5.36) in (5.8) and assuming ξ = eηλ one derives the Lax operator
Ldttcli (λ) =
 iγh¯[ih¯]η [λ+Ni + ωi]η βiA+i
αi cos h¯η A
−
i
αiβi
γ
cosh(η(N − λ))
 , (5.39)
of a q-oscillator model associated with Rtrig(λ). Remarkably, this quantum integrable
model with mapping (5.38) may be interpreted as the discrete-time as well as the
quantum generalization of a Toda chain like model (DTTCL) proposed in [83] and
listed in (2.36). At the time-continuous limit: η → 0, as seen from (5.38), N =
pq, A− → q, A+ =→ p , one recovers the Lax operator (5.58), which is a quantum
version of [83].
We stress again that all the above models obtained as descendants from the same
ancestor model (5.8) are quantum integrable by construction, since they satisfy the
QYBE as different exact realizations of ETSA (5.2). Moreover they are associated
with the same quantum Rtrig(λ)-matrix (4.6) of trigonometric type, inherited from
the ancestor model. The family of integrable models is specified thus by the associated
R-matrix and the classification of integrable systems could therefore be based on the
classification of the quantum R-matrix assigned to them. Search for any new family
consequently should start with a new solution of YBE (2.13). For this reason we
switch next to the twisted R-matrix solution related to gl(2) for constructing other
kinds of models.
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5.3 Twisted quadratic algebra and related models
Twisted Rθtrig(λ)-matrices as (4.21) can be obtained from the original trigono-
metric Rtrig(λ)-matrix (4.6) by a simple twisting transformation R
θ
trig(λ) =
F (θ)Rtrig(λ)F (θ), F (θ) = e
iθ(σ3⊗1−1⊗σ3), which takes a solution of the YBE to
another solution and introduces an extra parameter θ.
For constructing the associated Lax operator Lθtrig(ξ, ~˜τ) of the ancestor model, it
may be taken in the same form (5.8), while the ~˜τ operators involved satisfy now a
θ-deformation of the quadratic algebra ETSA given as
t τ˜12τ˜21 − t−1τ˜21τ˜12 = − 2i sinα
(
τ˜+1 τ˜
−
2 − τ˜−1 τ˜+2
)
,
τ˜±i τ˜ij = t q
±τ˜ij τ˜
±
i , τ˜
±
i τ˜ji = q
∓t−1τ˜jiτ˜
±
i (5.40)
where q = eiα, t = eiθ. Note that the coproduct structure for this algebra remains the
same as (5.4). Redefining generators it is however possible to shift the θ-dependence
from the algebra to its coalgebra as done in the general treatment of sect. 3. It is
evident that at θ = ±α, i.e. when the additional t-deformation coincides with the
original q-deformation, the algebra (5.40) is much simplified. Interestingly, most of
the physically significant models, as we see below, are generated at this particular
resonating situation.
We may consider as before different reductions of the θ-deformed ETSA for finding
relevant realizations. Notice that the symmetric reduction
τ˜+1 = − τ˜−2 = −iei(α+θ)s
3
, τ˜−1 = − τ˜+2 = ie−i(α−θ)s
3
, τ˜21 = e
iθ(2s3+1)S−, τ˜12 = S
+eiθ(2s
3+1) (5.41)
is related to the multiparameter quantum algebra known as Uq,p(gl(2))) we have
already considered.
Through bosonic realization of (5.41) we construct the θ-deformed lattice sine-
Gordon model, derived previously in sect. 4 starting from the universal R-matrix
related to deformed gl(2). Similarly realizing (5.41) in Pauli matrices we get the
Wu-McCoy model (2.30).
On the other hand, the nonsymmetric reductions (5.10-5.30) may lead to the θ-
deformation of all other integrable lattice models like LDNLS, LMTM, LCSG, LLM,
q-oscillator models etc. obtained earlier having the same quantum Rθtrig(λ)-matrix
(4.21).
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5.3.1 Ablowitz-Ladik Model
Such a θ-deformation of the q-oscillator realization (5.21) gives
τ˜+1 = τ˜
−
2 = e
−i(θ+α)N+ 1
2 , τ˜21 = Ag˜(N), τ˜12 = g˜(N)A
†, (5.42)
where g˜2(N) = Ωei(α−θ)N ,Ω ≡ (q − q−1) . Observe that for the special value
θ = −α, (5.42) is simplified to τ˜+1 = τ˜−2 = 1, τ˜21 = b, τ˜12 = b† , where b ≡ Aq
N
2 Ω
1
2
and b† ≡ qN2 Ω 12A† is another form of q-oscillator with the algebraic relations [94]
q2bb† − b†b = q2 − 1 . Remarkably, this deformed oscillator model represented by
Ln(ξ) = i
 ξ−1, b†n
bn, ξ
 [bm, b†n] = h¯(1− b†nbn) δm,n (5.43)
with h¯ = 1−q−2 is the Lax operator of the well known Ablowitz-Ladik model (ALM)
[48], proposed as a discretization of the NLS equation years before the discovery of
q-oscillators.
5.3.2 Family of relativistic quantum Toda chains
Exploiting θ-deformed quadratic algebra (5.40) one can construct a family of quantum
integrable discrete-time or relativistic generalizations of the periodic Toda chain,
apart from (5.34) obtained above. These models are canonically related [101] to
the relativistic Toda chain of Ruijsenaars [102] and can be generated from a single
ancestor model at different realizations of the underlying algebra [47].
Considering reduction complementary to (5.30) with τ˜±2 = 0, one simplifies (5.40)
to
τ˜12τ˜21 = e
−2iθτ˜21τ˜12 , τ˜
±
1 τ˜12 = e
i(±α+θ)τ˜12τ˜
±
1 , τ˜
±
1 τ˜21 = e
i(∓α−θ)τ˜21τ˜
±
1 (5.44)
involving only Weyl type relations. This observation facilitates to find the realization
τ˜+1 = e
(η+ǫ)p, τ˜−1 = −e−(η−ǫ)p, τ˜21 = ηe−cǫp+q, τ˜12 = −ηe(2+c)ǫp−q (5.45)
where α = ηh¯, θ = ǫh¯. We remark that certain operator ordering should be main-
tained in all such expressions and consider the periodic boundary condition. (5.45)
gives from (5.8) the explicit form for the Lax operator
L(ǫ,c)(ξ) =
 1ξe(η+ǫ)p − ξe−(η−ǫ)p ηe−cǫp+q
−ηe(2+c)ǫp−q 0
 . (5.46)
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depending on the additional parameters ǫ and c and associated with the twisted
quantum R˜(θ, λ)-matrix (4.21 ). The Hamiltonian H and the momentum P of the
generalized Toda system may be given by
H =
∑
i
(cosh 2ηpi + η
2 cosh η(pi + pi+1)e
ǫ(1+c)(pi+1−pi)+(qi−qi+1)),
P =
∑
i
(
sinh 2ηpi + η
2 sinh η(pi + pi+1)e
−ǫ(1+c)(pi−pi+1)+(qi−qi+1)
)
. (5.47)
This integrable quantum model is able to generate the whole family of relativistic
Toda chains for different choices of parameters c, c0 with ǫ = c0η. Moreover, since
(4.21) is independent of c, models with different values of c would share the same
quantum R˜trig(θ, λ)-matrix (4.21).
Some members of this quantum integrable relativistic Toda chain family deserve
special attention. The symmetric reduction with θ = 0, corresponding to c = c0 = 0
has already been found with the most simplification as (5.34). The related Hamilto-
nian and momentum are expressed in symmetric form (5.35). Interestingly, even for
nontrivial θ or ǫ, one can achieve the same symmetric conserved quantities (5.35) by
choosing c = −1, as seen clearly from (5.47). However the corresponding R˜-matrix
will be different with a more involved Lax operator.
For c0 = 1 and c = 0, (5.45) reduces to
τ˜+1 = e
2ηp, τ˜−1 = −1 τ˜21 = ηeq, τ˜12 = −ηe2ηp−q (5.48)
with the Lax operator easily obtainable from (5.46). The conserved quantities are
similarly reduced from (5.47) simply as
I+ =
∑
i
(
e2ηpi
(
1 + η2e(qi−1−qi)
))
, I− =
∑
i
(
e−2ηpi
(
1 + η2e(qi−qi+1)
))
. (5.49)
with H = 1
2
(I+ + I−) and P = 1
2
(I+ − I−). This model corresponds to the quantum
version of the discrete-time Toda chain [101] and the associated quantum R˜trig(α, λ)-
matrix coincides with (4.21) for θ = α.
Another quantum generalization of [101] is achieved for c0 = 1 but c 6= 0, for
which the Lax operator and the conserved quantities are obtained from the general
forms (5.46,5.47). This model though different from the above due to different c,
shares the same quantum R˜(α, λ)-matrix.
Finally, one observes that the Hamiltonian and momentum (5.47) of the generat-
ing model is transformed exactly to (5.49) under canonical transformation (p, q) →
(P,Q) as
p = P, q + (η − ǫ(1 + c))p = Q (5.50)
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Therefore, since the other models are obtained from the generating model at different
parameter choices, all of them are canonically equivalent to (5.49), which in turn
has been shown [101] to be equivalent to the Ruijsenaars model. Therefore the
whole family of discrete-time or relativistic Toda chains discussed here are canonically
equivalent to the relativistic generalizations of the Toda chain of [102].
In sect. 7 it will be shown, how to achieve the separation of variables in the eigen-
value problem for such quantum Toda chains by applying functional Bethe ansatz.
Thus from the ancestor models through suitable realizations, one can generate sys-
tematically the Lax operators of various quantum integrable ultralocal models of the
trigonometric class.
5.4 Models with rational Rrat(λ)-matrix
We have seen already that at q → 1 or η → 0, the trigonometric Rtrig(λ)-matrix
reduces to its rational form (4.32). We are interested to examine here how at this
rational limit the underlying algebraic structures (5.2) are changed and how (5.8) is
reduced at this limit to yield the Lax operator for the ancestor model representing
the rational class.
It is not difficult to find the consistent limit of the operators, when the deforming
parameter η → 0 as
(τ+i + τ
−
i )→ K0i , (τ+i − τ−i )→
1
η
K1i , τij → Kij .
Using such operators along with the reduction of the spectral parameter ξ → 1+ iηλ,
the L operator (5.8) undergoes a smooth transition and simplifies to
L(λ)rat =
 K01 + iλK11 K21
K12 K
0
2 + iλK
1
2
 . (5.51)
The K operators satisfy the algebra, obtained at the q → 1 limit of (5.2):
[K12, K21] = (K
0
1K
1
2 −K11K02 ), [K01 , K02 ] = 0
[K0i , K12] = ǫiK12K
1
i , [K
0
i , K21] = −ǫiK21K1i , (5.52)
with ǫ1 = 1, ǫ2 = −1 and K11 , K12 serving as Casimir operators. The algebra (5.52)
corresponds to a representation of the Yangian, more general than Y (sl(2)) presented
in sect. 3.
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Since L(λ) operator given in the general form (5.51) satisfies QYBE and associated
with the rational Rrat(λ− µ) = λ− µ+ h¯P matrix, it may be taken as the ancestor
model for generating integrable models belonging to the rational class.
Realization through spin operators:
K11 = K
1
2 = 1, K
0
1 = −K02 = s3, K12 = s+, K21 = s− (5.53)
recovers the sl(2) algebra (3.71) corresponding to (3.88). The ancestor Lax operator
(5.51) for this symmetric reduction goes to (4.33) considered above. This produces
the XXX chain (4.34) for the spin-1
2
representation in Pauli matrices and the NLS
lattice and field models for the Holstein-Primakov transformation (4.35).
The full algebra (5.52) on the other hand allows more freedom for constructing
models with nonsymmetric reductions. For example if we consider K11 = i, K
0
2 =
K12 = 0, (5.52) simplifies to
[K01 , K12] = iK12, [K
0
1 , K21] = −iK21 [K12, K21] = 0 (5.54)
and admits the bosonic realization
K01 = p,K12 = e
−u, K21 = e
u. (5.55)
This yields from (5.51) the Lax operator of the well known Toda chain (TC)
L(tc)n (λ) =
 pn − λ eqn
−e−qn 0
 . (5.56)
listed in (2.41). We return to this model in sect. 6 and 7 for highlighting other
aspects.
5.4.1 Quantum Toda chain like model
Another nonsymmetric realization through canonical variables pi, qi, [qi, pj ] = δij :
K12 = 0, K
1
1 = −i, K01 = γpq + ω, K02 =
αβ
γ
, K12 = αq, K21 = βap (5.57)
derives from (5.51) the Lax operator
Li(λ) =
 λ+ γpiqi + ωi βipi
αiqi
αiβi
γ
 , (5.58)
with constant parameters γ, αi, βi, ωi. (5.58) thus constructed represents the quantum
generalization of a Toda like classical model (TCL) proposed in [83]. The model can
also be obtained directly from (5.36) at η → 0.
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5.4.2 Simple lattice NLS model
The lattice NLS generated in (4.36) through symmetric reduction from (5.51) has
rather involved structure and the corresponding Hamiltonian of the model, as will
be shown in the next section, is also much complicated. Notably, the algebra (5.52)
allows a nonsymmetric reduction realized as
K10 = κ∆
2φψ + 1, K11 = −∆, K02 = 1, K02 = 0, K12 = i∆
√
κψ, K21 = −i∆
√
κφ
(5.59)
where the operators ψ, φ obey the canonical commutation relation [ψ(n), φ(m)] =
κ
∆
δnm. Therefore, (5.51) generates a AKNS type integrable model (SLNLS) given by
the Lax operator
Ln(λ)
(slnls) =
 1− iλ∆+ κ∆2φ(n)ψ(n) −i√κ∆φ(n)
i
√
κ∆ψ(n) 1
 . (5.60)
Through an irrelevant scaling L → L = 1
λ∆
L (see (2.40), it is convenient to con-
struct the explicit conserved quantities of the model in a much simpler way as
will be shown in the next section. Though at the discrete level the operators ψ
and φ are independent from each other, at the continuum limit : Ln(λ)
(slnls) →
1− i∆Lnls(x, λ) +O(∆2) , we get
Lnls(x, λ) = 1
2
(1 + σ3)λ+
√
κφσ+ −√κψσ− (5.61)
Due to the restoration of the symmetry, one can put φ = ψ† in the corresponding
conserved quantities, which recovers the standard NLS field model [52].
All the above models constructed as descendants of (5.51), share the same rational
Rrat(λ)-matrix inherited from the ancestor model.
5.4.3 Models with twisted rational Rθrat(λ)-matrix
We consider θ-deformed rational Rθrat(λ)-matrix given by (4.38), which induces
through QYBE a deformation of algebra (5.52) to
tK12K21 − t−1K21K12 = (K01K12 −K11K02), K1iK12 = tK12K1i , K1iK21 = t−1K21K1i ,
K0iK12 = tK12(K
0
i ǫiK
1
i ), K
0
iK21 = t
−1K21(K
0
i − ǫiK1i ), (5.62)
with t = eiθ and i = 1, 2 . Here operators K0i , K
1
i form a commuting set, though
noticeably, K1i ’s are no longer central elements of the algebra. (5.51) with such K
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operators would represent the Lax operator Lθrat(λ) of another ancestor model gen-
erating rational class of quantum integrable θ deformed models, associated with the
twisted Rθrat(λ). For example, symmetric reduction with realization in spin operators
K11 = K
1
2 = t
s3 , K01 = −K02 = s3ts3 , K12 = s+ts3+
1
2 , K21 = t
s3+
1
2 s− (5.63)
reproduces the Lax operator (4.39) and recovers the θ-deformed XXX and the lattice
NLS models constructed before. Through nonsymmetric reductions of (5.51) however
we can generate wider class of twisted models.
5.4.4 θ-deformed Toda chain
The bosonic realization
K02 = K
1
2 = 0, K
1
1 = ie
θp, K01 = pe
θp, K12 = e
−(u+ i2 θ)+θp, K21 = e
(u+ i2θ)+θp (5.64)
satisfying (5.62) rewrites (5.51) as the Lax operator Lθtc of a quantum integrable
deformed Toda chain (θ-TC).
5.4.5 Tamm-Dancoff q-bosonic model
By deforming the lattice NLS model Ln(λ)
(slnls) found above, through the parameter
q ≡ eiθ one gets the Lax operator
Lq(λ) =
 (1− iλ∆+ κN)f(N) −i√κc
i
√
κb f(N)
 , f(N) = q 12 (N(n)− 12 ) (5.65)
of a quantum integrable system (TDqB involving Tamm-Dancoff type q-bosonic op-
erator [143] satisfying [b, N ] = b, [c, N ] = −c, bc − qcb = qN . The q-bosonic
models, as we have seen, are usually related to the quantum algebras and associated
with trigonometric Rtrig(λ)-matrix. However the present TDqB model is connected
with the rational matrix (4.21) with θ = α. Such q-bosons can be mapped easily to
the NLS fields as b = f(N)ψ, c = f(N)φ with [ψ, φ] = 1 leading to the rela-
tion Lq(b, c, N) = f(N)Ln(ψ, φ)
(slnls). Such θ-deformed models though correspond
to the rational class with q = 1 algebra, they exhibit properties resembling quantum
algebra.
The ultralocal quantum integrable models generated systematically following the
above procedure, from the ancestor models with trigonometric and rational R(λ)-
matrices as well as with their twisted forms are presented schematically in fig.5.1.
The abbreviations used to denote the models are as in their list in sect. 2.
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Thus the following results are achieved through the present scheme matching to
some extend the original aims and answering the questions raised at the beginning
of sect. 4.
i) Ancestor Lax operators of exactly integrable quantum lattice models are con-
structed in a rather systematic way. Through consistent realizations of these models
one could generate different families of quantum integrable ultralocal systems repre-
senting known as well as new lattice and field models.
ii) The descendant models generated from the same ancestor model share the same
inherited R-matrix. And this classifies the models into two broad classes: trigonomet-
ric and rational, explaining thus the commonness of diverse models pointed above.
iii) The notion of integrable nonlinearity seems to be determined by concrete realiza-
tions of the quantized algebras (5.2,5.40) (or their q → 1 limit (5.52,thk-alg), as given
for example by (4.9,5.12,5.55) etc. Transition to continuum limit usually distorts such
exact nonlinearity leaving only some remnants.
Extension of the scheme presented here to higher dimensions and its application
for constructing ( (N ×N)) Lax operators will be taken up in sect. 9.
fig.5.1
Fig. 5.1 Generation of quantum integrable models from respective ancestor
models with Lax operators Lθt , Lt related to the trigonometric R
θ
t , Rt matrices
and with Lax operators Lθr, Lr related to the rational R
θ
r , Rr matrices obtained at
particular limits. The subscript t stands for the trigonometric and r for the rational
class.
6 Hamiltonian and other conserved quantities
from Lax operator
We have seen how the representative Lax operators belonging to an integrable class,
determined by the associated R-matrix can be constructed in a systematic way. How-
ever, since the Hamiltonian of the model is an important physical object, we focus here
on its construction along with other conserved quantities, starting from a more ab-
stract element, namely the Lax operator. Recall that (see sect. 2) the conserved quan-
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tities {Cn}, n = 1, 2, . . . are generated from the transfer matrix τ(λ) as the expansion
coefficients of ln τ(λ) =
∑∞
n=0Cnλ
n and therefore Cn = const.
dn
dλn
ln τ(λ)|λ=λ0 , where
the expansion point λ0 may be 0. The global operator τ(λ) is constructed from the
local Lax operators Laj(λ), j = 1, . . . N as
τ(λ) = tra (La1(λ) . . . LaN (λ)) , (6.1)
where τ(λ) acts on the total quantum space H = ⊗Nn=1hn. Therefore, from the knowl-
edge of Lax operators it is possible to derive expressions for conserved quantities
including the Hamiltonian. In general, they will be nonlocal objects and physically
uninteresting. However some special properties of the Lax operators allow to over-
come this difficulty and obtain Hamiltonians with localized interactions. The Lax
operator Laj(λ) acts on the product space Va ⊗ hj , of the common auxiliary space
Va and the quantum space hj at site j. The models with Va and all hj , j = 1, . . .N
isomorphic are called fundamental, while the rest with inequivalent quantum and
auxiliary spaces are known as the nonfundamental models. For fundamental models
since Va ≈ hj , the Lax operators Laj(λ) formally coincide with their corresponding
Raj(λ)-matrices.
6.1 Fundamental models
Lax operator Laj(λ) of such models acts on V ⊗ V and therefore the auxiliary and
quantum spaces may be interchanged. To utilize this feature the regularity property
of the Lax operator Laj(λ = 0) = Paj, i.e. L
ab
αβ(0) = δ
a
βδ
b
α is demanded, where the
permutation operator Paj can interchange the spaces as PajLak = LjkPaj with the
property P 2 = 1 and tra(Paj) = 1. Therefore, for regular models the transfer matrix
(6.1) yields
τ(0) = tra (PajPaj+1 . . . Paj−1) = (Pjj+1 . . . Pjj−1)tra(Paj) (6.2)
for any j, using the freedom of cyclic rotation of matrices under the trace. Taking
derivative with respect to λ in (6.1) we similarly get
τ ′(0) = tra
N∑
j=1
(
PajL
′
aj+1(0) . . . Paj−1
)
=
N∑
j=1
(L′jj+1(0) . . . Pjj−1)tra(Paj), (6.3)
where we have assumed the periodic boundary condition: LaN+j = Laj . Defining
now H = c C1 = c
d
dλ
ln τ(λ)|λ=0 = c τ
′(0)τ−1(0), c = const.
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we construct the Hamiltonian from (6.2) and (6.3) as
H = c
N∑
j=1
(L′jj+1(0)Pjj+1) (6.4)
with only 2-neighbor interactions, due to cancelation of all other nonlocal factors and
the property P−1 = P .
Similarly taking higher derivatives of ln τ(λ) higher conserved quantities Cn, n =
2, 3, . . . may be generated. Note that the conserved operator Cn involves the interac-
tion of n+ 1 neighbors.
6.1.1 Hamiltonian construction
We take the Lax operator coinciding with the R(λ)-matrix in 4× 4-matrix form
L(λ) =

a+(λ)
b+(λ) c+(λ)
c−(λ) b−(λ)
a−(λ)
 , P =

1
0 1
1 0
1
 , (6.5)
with more general entries and demand the regularity condition Ljj+1(0) = cPjj+1.
Multiplying L′jj+1(0) with Pjj+1 and inserting in (6.4) we get the explicit expression
for the Hamiltonian
H = const.
N∑
n=1
b′+(0)σ
+
n σ
−
n+1 + b
′
−(0)σ
−
n σ
+
n+1 + (I
+ − J+)σ3nσ3n+1
+ (I+ + J+)I+ 2I−σ3n + J
−(σ31 − σ3N+1) (6.6)
which is general enough to cover all spin models considered below. Here the param-
eters are I± = 1
4
(a′+(0)± a′−(0)) and J± = 14(c′+(0)± c′−(0)). It should be noted that,
for the models with periodic boundary condition: ~σN+1 = ~σ1 , in which we are mostly
interested, the last term in (6.6) representing a boundary term simply drops out. On
the other hand, the Hamiltonian with open boundary condition takes the form
H = −
N∑
n=1
σ+n σ
−
n+1+σ
−
n σ
+
n+1+
1
4
(q+ q−1)(σ3nσ
3
n+1−I)−
1
4
(q−q−1)(σ3j −σ3j+1), (6.7)
which acquires an interesting Uq(su(2)) quantum group symmetry. Such models were
investigated in connection with open chain problems [103, 89]
79
6.1.2 XXZ spin-1
2
chain
The Lax operator for this model is given by the trigonometric R-matrix (4.6) with
regularity condition and corresponds to a′+(0) = a
′
−(0) = cos η, b
′
+(0) = b
′
−(0) = 1
and c′+(0) = c
′
−(0) = 0. This clearly reduces (6.4) or similarly (6.6) to
Hxxz = c
N∑
n
(
1
2
cos η(I + σ3nσ
3
n+1) + (σ
+
n σ
−
n+1 + σ
−
n σ
+
n+1
)
, (6.8)
which after neglecting the constant term reproduces exactly the anisotropic XXZ
Hamiltonian (2.29).
6.1.3 XXX spin-1
2
chain
Since in this case the Lax operator may be given by the rational R-matrix (4.32)
having the regularity condition and with the values a′+(0) = a
′
−(0) = b
′
+(0) = b
′
−(0) =
1 and c′+(0) = c
′
−(0) = 0, one gets from (6.5) L
′
jj+1(0) = I reducing (6.4) simply to
H = c
N∑
j=1
Pjj+1. (6.9)
This is clearly equivalent to the known Hamiltonian of the isotropic spin-1
2
chain
model listed in (2.38). It can also be obtained from (6.8) as the degenerate case
η = 0:
Hxxx = c
N∑
n
1
2
σ3nσ
3
n+1 + σ
+
n σ
−
n+1 + σ
−
n σ
+
n+1 (6.10)
6.1.4 spin-1 chain models
A simple way of getting an Integrable spin-1 model is to construct the Lax operator
as a SU(3) related rational R-matrix. This would lead to (6.9) with the permutation
operator Pjj+1 =
∑3
a,b=1 E
j
abE
j+1
ba , which when expressed in spin-1 operators S takes
the form
Hspin1 = const.
N∑
n
(
(SnSn+1) + ǫ(SnSn+1)
2
)
(6.11)
with ǫ = 1. Another more interesting possibility is to use the Lax operator obtained
through fusion of spin-1
2
Lax operators R0 [104] as
Rab(λ) = (P
+
a
⊗ P+
b
)
s∏
j=1
s∏
k=1
R0ajbk(λ+ iη(2s− k − j))(P+a ⊗ P+b )g−12s (λ) (6.12)
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with spin s = 1 [105], where P+
a
is the symmetrizer in the fused spin-s space a and
g2s(λ) is some multiplicative factor.
The corresponding Hamiltonian is given in the form (6.11) with ǫ = −1.
6.1.5 Impurity model
Simple integrable impurity models may be constructed by replacing the Lax operator
Laj(λ) of the regular model by an inhomogeneous Lam(λ− ν) at a particular lattice
site m, where ν corresponds to the impurity at m. We see immediately, that the
regularity condition no longer holds at m and consequently, the terms involving
m−1, m,m+1 in (6.4) become nonregular. As a result, instead of (6.4) one gets the
Hamiltonian of the impurity model as
Himp =
N∑
j 6=m−1,m
(L′jj+1(0)Pjj+1) + (L
′
m−1m(ν)L
−1
m−1m(ν)
+ Lm−1m(ν)L
′
m−1m+1(0)Pm−1m+1L
−1
m−1m(ν)) (6.13)
with next-to-nearest neighbor interaction. Using therefore the L-operator of the
XXX or theXXZ chain one can derive from (6.13) the Hamiltonian of the respective
impurity model.
6.1.6 Inhomogeneous model
Inserting different impurities νj at sites j we can get an inhomogeneous spin model,
where instead of (6.1) one obtains
τ(λ) = tra (La1(λ− ν1) . . . LaN (λ− νN)) . (6.14)
Note that at λ = 0 due to the loss of regularity at all points: Laj(−νj) 6= Paj , the
corresponding Hamiltonian becomes nonlocal and as such of no physical interest.
However interestingly at λ = νj the regularity is restored and one can use the dual
conditions on the L-operator at η = 0 as
Laj(λ− νj , η) |λ=νj= Paj Lak(νj − νk, η) |η=0= I (6.15)
This allows to construct a new set of Hamiltonians Hj =
d
dη
τ(νj) |η=0= ∑k 6=j ddηL(νj−
νk, η) |η=0 . Notice that though this is a bit different definition of the conserved
quantities, their commutativity also follows from that of τ(λ) at different λ’s.
We can check easily the property (6.15) for the L-operators of the XXZ and
XXX models. The long range Hamiltonian for such inhomogeneous XXX model
therefore can be constructed as Hj =
∑
k 6=j
1
(νj−νk)
~σj · ~σk exhibiting similarity with
the Haldane-Shastry model (see sect. 9).
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6.1.7 Alternating spin chain
The idea is to replace the spin-1
2
Lax operators Lσσ′ at every alternate lattice sites
by a Lax operator Lσs with the same auxiliary space σ but different quantum space
s, corresponding to the spin-s operators. Since at alternating sites the regularity
condition does not hold, in analogy with the impurity model one gets a Hamiltonian
with interaction between different spins ranging to next to nearest neighbors [106].
6.1.8 Twisted and colored models
Twisted as well as color deformation of Lax operators have been considered in sect.
4. It is interesting to see their effects in the Hamiltonian of the models. Note that,
under twisting transformation R˜ab(λ, θ) = FabRab(λ)F
−1
ba , the regularity condition is
preserved as
R˜ab(0) = FabPabF
−1
ba = PabFbaF
−1
ba = Pab
while the term L′(0) in (6.3) is replaced by
Fjj+1L
′
jj+1(0)F
−1
j+1j + 2F
′
jj+1(0)F
−1
jj+1(0)Pjj+1. (6.16)
We consider the realization of the twisting operator as
Faj+1(θ, λ) = e
1
4
((iθ+cλ)σ3
j+1−iθσ
3
a) (6.17)
with the choice of the color parameter through the spectral parameter λ as λ¯a = cλ
and all other parameters λ¯j = 0.
If we consider first the twisting involving θ parameter only and no λ, then due to
F ′jj+1(0) = 0 we get from (6.4) and (6.16) the expression
H =
N∑
j=1
Fjj+1(θ)(L
′
jj+1(0)Pjj+1)F
−1
jj+1(θ).
This leads to a twisted form of the XXZ chain given by the Wu-McCoy model (2.30)
Hwm = const.
N∑
n=1
eiθσ+n σ
−
n+1 + e
−iθσ−n σ
+
n+1 +
1
2
cos ησ3nσ
3
n+1. (6.18)
One can derive also the same model directly from (6.6) by considering twisting of the
parameters
b±(λ) = e
±iθb(λ), a±(λ) = a(λ), c± = c. (6.19)
Note that by transforming σ+n = e
inθσ˜+n the Hamiltonian (6.18) can be reduced to
the untwisted form (6.8), however with the quasiperiodic boundary condition σ˜+N+1 =
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e−iNθσ˜+1 . More general type of twisted boundary conditions in integrable spin chains
have been studied in [107].
On the other hand, for twisting transformation (6.17) involving spectral pa-
rameter cλ induced through the color parameter as Fjj+1(λ) = e
1
4
cλσ3j+1 , we get
2F ′jj+1(0)F
−1
jj+1(0) =
1
2
cσ3j+1. This yields an extra term
1
2
c
∑N
j σ
3
j in the Hamil-
tonian, signifying the interaction with an external magnetic field 1
2
c along the z
direction. Note that this is consistent with the choice
b±(λ) = e
± c
2
λb(λ), a±(λ) = e
∓ c
2
λa(λ), c± = c (6.20)
which gives I− =
c
4
and can derive directly from (6.6) the Hamiltonian of the model
as H = Hxxz +
c
2
∑N
j σ
3
j .
6.1.9 Free fermion models
It is easy to check, that if we choose the parameters of the L operator in (6.5) as
a+(λ) = a−(λ) = cos λ, b+(λ) = b−(λ) = sin λ, c+ = c− = 1 (6.21)
satisfying the free fermion condition a2 + b2 = c2, the regularity condition of the
corresponding Lax operator lxy(λ) is valid and the Hamiltonian (6.6) reduces simply
to the XY chain
Hxy = c
N∑
j
σ+j σ
−
j+1 + σ
−
j σ
+
j+1. (6.22)
The explicit equivalence of the XY chain with the free fermion model can be shown
by realizing the Pauli matrices though the anicommuting fermionic operators cj , c
†
j
using the Jordan-Wigner transformation
cj =
(
σ31 · · ·σ3j−1
)
σ−j (6.23)
This clearly leads to
c†jcj ≡ nj =
1
2
(σ3j + 1), c
†
jcj+1 = −σ+j σ−j+1, cjc†j+1 = σ−j σ+j+1, (6.24)
etc. with cjc
†
j+1 = −c†j+1cj and rewrites (6.22) as the free fermion model
Hff = −c
N∑
j
c†jcj+1 + c
†
j+1cj (6.25)
Another free fermion model can be constructed remarkably from the supersym-
metry related nonstandard R-matrix [142] consistent with the parametrization
a+(λ) = sin(λ+ η), a−(λ) = sin(−λ+ η), (6.26)
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with other parameters as in the XXZ model. The regularity condition for this
model follows due to a+(0) = a−(0) and we notice that, since a
′
+(0) = −a′−(0)
and c′+(0) = c
′
−(0) = 0, the interacting term
∑
σ3jσ
3
j+1 in (6.6) drops out from the
Hamiltonian. This leads again to a XY chain placed in a magnetic field given by
the term cos η
∑N
j σ
3
j . The transformation (6.23) reduces the Hamiltonian clearly to
a free fermionic model.
6.1.10 Hubbard model
A nontrivial example of the regular models is given by the Lax operator of the one-
dimensional integrable Hubbard model, where the Lax operator does not coincide
with the R-matrix and moreover the spectral dependence of the R-matrix is both of
the difference as well as the sum. The Lax operator corresponding to the model may
be given as
LHubaj (λ) =
(
lxya1j(σ | λ)⊗ lxya2j((τ | λ)
)
eh(λ)σ
3
j
τ3
j , (6.27)
where lxy(σ | λ) and lxy(τ | λ) are the Lax operators of two XY spin chains involving
mutually commuting spin-1
2
operators σ and τ and sinh 2h(λ)
sinλ
= U
4
.
We check first the regularity condition using the property of the XY Lax operator
lxy(λ)λ=0 = P as L
Hub(0) = lxy(σ | 0) ⊗ lxy(τ | 0) = P (σ) ⊗ P (τ) = PHub, where
we have assumed h(0) = 0 for the function h(λ). Therefore following the above
procedure , apart from the separate contributions of lxy related to σ and τ operators,
we also get an interacting term h′(0)σ3j τ
3
j in the Hamiltonian coming from τ
′(0). This
finally gives the Hubbard Hamiltonian in the form
HHub = Hxy(σ) +Hxy(τ) +Hint(στ)
=
N∑
j
(
(σ+j σ
−
j+1 + σ
−
j σ
+
j+1) + (τ
+
j τ
−
j+1 + τ
−
j τ
+
j+1) +
U
4
σ3j τ
3
j
)
. (6.28)
We can transform Hamiltonian (6.28) into its conventional form (7.96) by applying
the Jordan-Wigner transformation (6.23-6.24).
6.2 Nonfundamental models
When the auxiliary space V and the quantum spaces hj ≡ h are not isomorphic,
the regularity of the Lax operator La(λ) does not hold and the construction of the
Hamiltonian becomes difficult. However there are few methods, that can in principle
derive the conserved quantities from the Lax operators of such models, which are
mostly bosonic models.
84
6.2.1 Generalized spin model method
The first method is based on the idea of considering bosonic models as the generalized
spin models with arbitrary spin [108]. One has to take the fused Rab(λ) matrix (6.12)
with spin s along with possible gauge transformation and replace the auxiliary spaces
by the quantum ones. We thus recover the regularity in the quantum space : Rab(0) =
Pab and may construct the Hamiltonian of such generalized spin models with nearest
neighbor interactions. The isotropic and the anisotropic cases with arbitrary spins
are determined by fusing R-matrices corresponding to XXX or XXZ spin-1
2
chains
and belong to two different integrability classes: rational and trigonometric. In the
first case realizing the spin s, su(2) generators through bosons we construct the
Hamiltonian of the corresponding bosonic model. Similarly in the second case the
bosonic realization of the Uq(su(2)) generators is required, which would lead to the
nonfundamental model of the trigonometric class.
6.2.2 Projector method
In a more straightforward approach, known as the projector method [50, 51], one
starts directly with the Lax operator Laj(λ) of the discrete bosonic model with-
out demanding any regularity condition. However from the vanishing condition
detqLj(λ) = 0 at points λ = ν, ν
∗ of the quantum determinant
detqL ≡ 1
2
(
(L11L˜22 + L22L˜11)− (L21L˜12 + L12L˜21)
)
(6.29)
with L˜ = L(λ + iκ), we represent the Lax operator at these points both as a direct
and an inverse projector. Therefore at λ = ν, Lαβj (ν) = rα(j)sβ(j) = vβ(j)uα(j)
with r, s, u, v being two-dimensional vectors and similarly for λ = ν∗. Therefore, the
transfer matrix at these points becomes
τ(ν) = tr (K(j − 2, j + 2 | ν)L(j + 1 | ν)L(j | ν)L(j − 1 | ν))
= Kαβ(j − 2, j + 2 | ν)rβ(j + 1)sγ(j + 1)rγ(j)sδ(j)rδ(j − 1)sα(j − 1) (6.30)
where K(j − 2, j + 2 | ν) = L(j − 2 | ν) . . . L(1 | ν)L(N | ν) . . . L(j + 2 | ν). We face
with the problem, that in the quantum case due to the noncommutativity of ri, si
at the same site, the last operator in (6.30) can not be dragged to the first place.
However, using the inverse operator representation rδ(j−1)sα(j−1) = vα(j−1)uδ(j−
1) at the same site, we overcome this difficulty to get τ(ν) = Qj+1j−1(ν)M(j+1, j, j−1)
where
Qj+1j−1(ν) = v(j − 1)K(j − 2, j + 2 | ν)r(j + 1)
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M(j + 1, j, j − 1) = s(j + 1) · r(j) s(j) · u(j − 1) (6.31)
with s(j +1) · r(j) = s1(j +1)r1(j) + s2(j +1)r2(j) etc. Similarly, we obtain τ ′(ν) =∑N
j=1Q
j+1
j−1(ν) (s(j + 1)L
′(j | ν)u(j − 1)) to yield finally the conserved quantity
C1 = c
d
dλ
ln τ(λ)|λ=ν = c τ
−1(ν)τ ′(ν)
= c
N∑
j=1
M−1(j + 1, j, j − 1) (s(j + 1)L′(j | ν)u(j − 1)) (6.32)
involving interactions of neighboring 3 sites, where M(j + 1, j, j − 1) is defined in
(6.31). Likewise one may derive also the conserved quantity from the expansion at
ν∗.
Compared to the generalized spin method applicable to the symmetric models,
the scope of the projector method seems to be more wide.
6.2.3 Lattice nonlinear Schro¨dinger model
The LNLS is a bosonic model with nonfundamental Lax operator (4.36), the Hamil-
tonian of which can be constructed with both the above methods.
To apply the generalized spin method to the lattice NLS, specialize to the spin
s isotropic model and consider the Holstein-Primakov transformation (4.35) with
spin parameter s = − 2
κ∆
. The Hamiltonian derived from Rab(λ) by fusing XXX
spin-1
2
models takes the form Hs =
∑N
j fs(SjSj+1), where fs is a definite polynomial
[108]. Therefore from the equivalence of the spin model Lax operator with that of the
lattice NLS: Llnls(λ) = 1
is
σ3Lxxx
(
−λ
κ
)
, one can obtain the corresponding Hamiltonian
involving only the nearest neighbor interactions, which at the continuum limit ∆→ 0
reproduces the well known NLS field model [108].
For constructing the lattice NLS Hamiltonian through the projector method, the
Lax operator Ln(λ) is taken in the form (2.39) with s ≡ ν˜ = − 2κ∆ − (−1)
n
2
with the
inclusion of a parity factor (−1)n. Due to detqL(λ) = 14∆2(λ− ν1)(λ− ν2) = 0, with
ν1 = iν˜κ, ν2 = −i2κ − ν1 the Lax operator Ln(ν1) at λ = ν1 reduces to the direct
projector at even n sites, while to the inverse projector at the odd n. Similarly,
the reduction of Ln(ν2) is in the reverse order. Thus the necessary requirement of
representing the Lax operator at the same lattice point as both direct and inverse
projectors for the same spectral parameter value fails here. However, this difficulty
is overcome by defining a new Lax operator as product of two Lax operators at even
and odd sites: L(j | λ) = L(2j | λ)L(2j − 1 | λ). At new points ν = −2i
∆
+ iκ and ν∗
the necessary condition is fulfilled and the Hamiltonian for the lattice NLS model is
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obtained finally by adding the conserved quantities C1 coming from the expansions
at λ = ν and λ = ν∗ along with a normalization factor involving ∆ and an additional
term proportional to the number operator N =
∑N
j=1 ψ
†
jψj [50, 51]. This discrete
Hamiltonian H(∆) is localized with interaction ranging over five neighboring lattice
sites and has a complicated form, though at the continuum limit it reduces to the
known field Hamiltonian (2.37).
6.2.4 A simple lattice NLS type model
To demonstrate that the projector method is applicable also to models with lesser
symmetry, we look into the Lax operator
Ln(ξ) =
 1 + N(n)∆ ξ −iκ 12φ(n)ξ
iκ
1
2ψ(n)ξ 1
∆
ξ
 . (6.33)
with N(k) = 1 + κ∆2φ(k)ψ(k), listed in (2.40) and constructed as the AKNS type
integrable model (5.60) from the rational ancestor model in sect. 5. At the degenerate
point ξ = ν2 = 0 when detqL = 0, the Lax operator (6.33) becomes remarkably simple
and turns into a field independent projector: L(0) = P+. As a consequence, the
construction becomes much easier resulting a local and simple Hamiltonian H along
with other conserved quantities like the number operator N and the momentum P
[52]:
H = C3 =
1
∆
∑
k
(φ(k + 1)ψ(k − 1)− (N(k) +N(k + 1))φ(k + 1)ψ(k) + (3κ∆2)−1N(k)3)
P = C2 =
∑
k
(φ(k + 1)ψ(k)− 1
2κ∆2
N(k)2), N = C1 =
1
∆κ
∑
k
N(k). (6.34)
It may be noted that the above conserved quantities of the discrete AKNS type model
are not symmetric in φ and ψ. The Symmetry however is restored at the continuum
limit allowing the reduction φ = ψ† and recovering thus the known conserved quan-
tities of the NLS field model. Note that the expressions for the Cn (6.34) including
the discrete Hamiltonian C3 are much similar to the corresponding NLS field model.
6.2.5 Lattice sine-Gordon model
For applying the generalized spin method to LSG, we have to construct first the
anisotropic spin s Hamiltonian by fusingXXZ chains. Subsequently, through bosonic
realization of the quantum Uq(sl(2)) (4.9) one can, in principle, construct the Hamil-
tonian for the LSG model with nearest neighbor interaction [108]. However the
construction in its explicit form is difficult to achieve.
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The projector method can be applied also to LSG model taking the discrete Lax
operator as (4.10). However, the problem of representing the Lax operators both as
the direct and the inverse projectors at the same degenerate point in the spectral
parameter is difficult to solve and as a result the corresponding Hamiltonian H =
1
2
(C1 + C−1) and the momentum P =
1
2
(C1 − C−1) obtained in this case turn out to
be only quasilocal functions [50, 51].
6.2.6 Relativistic and nonrelativistic Toda chains
In some models the construction of conserved quantities become much simpler due to
specific structure of their Lax operators. Both relativistic and nonrelativistic Toda
chains with the Lax operators constructed in sect. 5 are such examples. Though these
are nonfundamental models, due to the triangular form of their Lax operators (see
(2.35,2.41)) the local conserved quantities can be obtained directly as the expansion
coefficients of the transfer matrix
τ(ξ) = trT (ξ) = tr(
N∏
Ln) =
N∑
n
Cnξ
n + C−nξ
−n,
by multiplying N number of Lax operators given in the explicit form (2.35) and
then taking the trace. Thus we get for the relativistic Toda chain (RTC) conserved
quantities like
I+ =
∑
i
(
e2ηpi
(
1 + η2e(qi−1−qi)
))
, I− =
∑
i
(
e−2ηpi
(
1 + η2e(qi−qi+1)
))
(6.35)
where we have denoted I+ ≡ −Cn−2(Cn)−1 and I+ ≡ −C−(n−2)(C−n)−1. The Hamil-
tonian and the momentum of this relativistic or discrete time model is constructed
as H = 1
2
(I++I−) and P = 1
2
(I+−I−). In the analogical way the conserved currents
of all other models from the family of RTC found in sect. 5 can also be derived.
Since η → 0 corresponds to the nonrelativistic limit, we obtain the corresponding
conserved quantities from the limiting values of I± in (6.35), resulting clearly the
following expressions for the momentum and Hamiltonian of the standard Toda chain
[145] (2.41)
H =
1
2
(I+ + I−)− 1
2η2
=
∑
i
(
1
2
p2i +
1
4
e(qi−1−qi) + e(qi−qi+1)
)
,
P =
1
2
(I+ − I−)
2η
=
∑
i
pi (6.36)
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7 Exact solutions of eigenvalue problem, Bethe
ansatz
One of the most significant achievements of quantum integrable systems is that, these
are some of the few interacting models, for which the eigenvalue problem in principle
can be solved exactly. Though the energy spectrum of the Hamiltonian is the most
important physical object, the integrable models allow to solve the eigenvalue problem
for all its conserved quantities. The most efficient method for achieving this is the
algebraic Bethe ansatz (ABA), though its coordinate formulation (called coordinate
Bethe ansatz (CBA)) is usually more effective for finding the energy spectrum of
concrete models. We describe both these useful methods and compare them to clarify
their interrelations.
7.1 Algebraic Bethe ansatz
ABA is an universal and to a great extent a model-independent approach for solving
the eigenvalue problem of quantum integrable systems. This method exploits signifi-
cantly the integrable structures like the QYBE and is designed to find the eigenvalues
of all conserved quantities including the Hamiltonian.
We describe basic features of this method [17] in a general way to emphasize on its
universal applicability, though for clarity we orient mostly to the simplest examples
of XXZ and XXX spin-1
2
chains. As we know, the monodromy matrix in ultralocal
integrable systems : T (λ)a =
∏N
i Lai(λ) satisfies a representative equation given by
the global QYBE (2.11), which in component form reads∑
{j}
Ri1i2j1j2
(
T j1k1 T˜
j2
k2
)
=
∑
{j}
(
T˜ i2j2 T
i1
j1
)
Rj1j2k1k2. (7.1)
Note that though T (λ) given through explicit Lax operators Li(λ) carries detailed
information about the concrete model, at the global QYBE level the information
needed is only about the associated R matrix. Consequently, the R matrix (4.6) with
a multiplicative factor b(λ)−1 for convenience:
R1111 = R
22
22 ≡ f =
a
b
=
sin(λ+ η)
sin λ
, R1212 = R
21
21 = 1, R
12
21 = R
21
12 ≡ f1 =
c
b
=
sin η
sinλ
(7.2)
describes the trigonometric class of models, while its q → 1 limit
f =
λ+ η
λ
, f1 =
η
λ
(7.3)
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answers for the models with rational R ( see sect. 2). We have witnessed in sect. 5,
that the models may have common algebraic origin and the same ancestor models. We
notice further in the ABA scheme, that the difference between the descendant models
of the same class almost disappears, showing an elegant universality of the scheme.
Therefore for the choice (7.2) the same ABA formulation with minor modifications
can describe the whole trigonometric class of models , e.g. XXZ spin chain, sine-
Gordon, DNLS model, Liouville model, relativistic Toda chain etc. Similarly, for
(7.3) almost the same scheme is applicable for the rational class, e.g. XXX chain,
NLS model, Toda chain etc.
ABA scheme aims to solve some general eigenvalue problem
τ(λ) | φ >m= Λm(λ) | φ >m (7.4)
for the spectral parameter dependent transfer matrix τ(λ) = traTa(λ) =
∑
α Tα(λ) =
A(λ) +D(λ), where we have introduced the short hand notation
T (λ)11 = A(λ), T (λ)22 = D(λ), T (λ)12 = B(λ), T (λ)21 = C(λ).
The operators T (λ)ij act on the whole Hilbert space H = ⊗Nj hj , which is a product
of N local Hilbert spaces hj at site j. Recalling that the expansion coefficients of
ln τ(λ) =
∑
nCnλ
n, generate the conserved quantities Cn, n = 1, 2 . . . , one can solve
the eigenvalue problem for all Cn simultaneously simply by expanding Λ(λ) as
C1 | φ >m= Λ′m(0)Λ−1m (0) | φ >m, C2 | φ >m= (Λ′m(0)Λ−1m (0))′ | φ >m (7.5)
etc. with commuting set of operators Cn sharing the same eigenvectors. The model
dependence comes when a particular Cj is chosen as the appropriate Hamiltonian of
the model.
The basic trick in ABA is in making an ansatz for the m-particle state | φ >m as
| λ1λ2 . . . λm >= B(λ1)B(λ2) . . . B(λm) | 0 >, (7.6)
where | 0 >= ⊗Ni | 0 >i, lying in the whole Hilbert space is a pseudovacuum rep-
resenting a reference state. For the XXZ and XXX spin-1
2
chains for example,
this is a state with all spins up defined by | 0 >i=
 1
0
 , which coincides with
the ferromagnetic ground state of the models. To see the justification for the ansatz
(7.6), we have to convince ourselves that B(λi) acts like a creation operator on the
pseudovacuum | 0 >, while the operator C(λi) is its conjugate representing an an-
nihilation operator. For this we look into the example of XXZ chain, though one
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may consider other examples as well. Starting from its local Lax operator Lj(λ) (4.8)
and acting by the local creation and annihilation operators on local pseudovacuum
as σ−i | 0 >i=| 1 >i, σ+ | 0 >i= 0 along with σ3 | 0 >i= 12 | 0 >i, one obtains the
upper-triangular form
Li(λ) | 0 >i=
 α(λ) | 0 >i γ | 1 >i
0 β(λ) | 0 >i
 , (7.7)
where α, β, γ depend on the models. Taking now the product of such local states
we obtain the action of the monodromy operator on the global pseudovacuum T (λ) |
0 >=
∏N
i Li(λ) | 0 >i, which would again be in the upper-triangular form. We
conclude therefore, that C(λ) | 0 >= 0 and B(λ) | 0 >=| λ >, where | λ >=∑N
i gi(λ)((⊗k<i | 0 >k)⊗ | 1 >i (⊗l>i | 0 >l), with gi = γαN−iβi is the superposition
of single particle excitations at different lattice points and represents a 1-particle state
with rapidity λ. For diagonal entries we obtain in general
A(λ) | 0 >= αN(λ) | 0 >, D(λ) | 0 >= βN(λ) | 0 > . (7.8)
The model dependence comes at this stage through αN , βN , since they are determined
by the structure of local Lj(λ) operators as in (7.7).
We observe that, it is possible to extract now the eigenvalues of τ(λ) = A+D, if
it can be dragged through the strings of B′s in (7.6), without spoiling their structure.
This can be done by using commutation relations like AB˜ = f˜ B˜A, DB˜ = fB˜D and
hitting the vacuum | 0 > by A and D. The property (7.8) then can rebuild clearly
the same eigenvector | φ >m and solves the eigenvalue problem. With this strategy
in mind we write explicitly the QYBE (7.1) in component form
AB˜ = f˜ B˜A− f˜1BA˜, (7.9)
DB˜ = fB˜D − f1BD˜, (7.10)
and [B, B˜] = 0, where A = A(λ), B = B(λ), D = D(λ) and those with replaced
arguments are denoted by f˜ = f(µ − λ), f˜1 = f1(µ − λ), A˜ = A(µ), B˜ = B(µ),
etc. Here the functions f = a
b
, f1 =
c
b
and similarly f˜ , f˜1 are contributions from the
R-matrix (7.3) or (7.2) , while the operators A,B and A˜, B˜ etc. are the components
of T (λ) and T (µ) appearing in the QYBE. We notice that (7.9-7.10) are indeed
the required type of commutation relations, but for the second terms in both the
rhs, where the argument of B has changed: B˜ → B, spoiling the structure of the
eigenvector. However, if we put the sum of all such unwanted terms= 0, we should
91
be able to achieve our goal. Therefore ignoring the second terms for the time being
and making use of the first terms only, as argued above we obtain
A(λ) | λ1λ2 . . . λm > =
m∏
j=1
f(λj − λ)A(λ) | 0 > (7.11)
D(λ) | λ1λ2 . . . λm > =
m∏
j=1
f(λ− λj)D(λ) | 0 > . (7.12)
Considering further the action (7.8) on the pseudovacuum, we finally solve the eigen-
value problem to get
τ(λ) | λ1λ2 . . . λm >= Λ(λ, {λj}m1 ) | λ1λ2 . . . λm > (7.13)
where
Λ(λ, {λj}m1 ) =
m∏
j=1
f(λj − λ)αN(λ) +
m∏
j=1
f(λ− λj)βN(λ). (7.14)
Note that equations (7.11-7.12) are universal within a class of models specified by
the form of f(λ − µ) and hence determined by the choice of the R-matrix. In the
explicit eigenvalue expression (7.14) the contribution from αN , βN is the only model-
dependent part and in case of XXZ spin chain for example, as seen from (7.7), is
given by
αN = sinN(λ+
η
2
), βN = sinN (λ− η
2
). (7.15)
Thus we have solved the eigenvalue problem for the whole set of conserved currents.
However we have left open on the way two questions. Firstly, what constraint
one gets when the unwanted terms are equated to zero, as we have done above.
Secondly, what are the equations for determining the unknown parameters {λj}.
Curiously, the second question is answered by the first one itself , i.e. the equations
for λj ’s can be obtained by collecting meticulously all the unwanted terms following
the prescription of [23] and equating them to zero. It is however encouraging that
there is an alternative and easy way to derive the same equation. Clearly, the general
eigenvalue Λ(λ, {λj}) must be analytic in λ, since it should generate the eigenvalues
of all Cn through the expansion (7.5). Consequently, its residue at all singular points
λ = λj, j = 1, . . . , m, should vanish, since b(0) = 0 for both the rational as well
as trigonometric R-matrix. Therefore using the residue rule resλ=λk
∏
j f(λj − λ) =∏
j 6=k f(λj−λk)(−a(0)) along with the symmetry b(−λ) = −b(λ), one gets from (7.14)
the equation(
α(λk)
β(λk)
)N
=
∏
l 6=k
f(λk − λl)
f(λl − λk) =
∏
l 6=k
−a(λk − λl)
a(λl − λk) , k = 1, 2, . . . , m (7.16)
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The set of relations (7.16) called the Bethe equation, are the determining equations
for the parameters λj , j = 1, . . . , m and represents at the same time the condition
for vanishing of the unwanted terms. Thus we get the basic equations of ABA as
(7.13-7.14) giving the eigenvalues through parameters λj and the equations (7.16) for
determining such parameters.
I. Lattice models
The eigenvalue problem of various lattice models can be solved readily from the
equations (7.13-7.14) and (7.16) by knowing the functions f(λ− µ) and calculating
only α(λ), β(λ) for concrete models. Note that the function f given by (7.2) or (7.3)
comes from the corresponding R-matrix of the model and therefore is the same for
all models belonging to one integrable class. Functions α, β on the other hand are
related to the Lax operator of individual models and usually should be calculated
separately in each case. Let us demonstrate this point again on the examples of spin
models.
7.1.1 XXZ spin-1
2
chain
The anisotropic XXZ spin-1
2
chain belongs to the trigonometric class with Hamil-
tonian and the Lax operators given by (2.29). We have seen in sect. 6 how the
Hamiltonian of the model can be constructed from the transfer matrix at an opera-
tor level as H = C1 = τ
′(λ)τ−1(λ)λ=0. Here we aim to find its energy spectrum. For
this we use the R-matrix input (7.2) along with the vacuum eigenvalue (7.15) in the
Bethe ansatz equations (7.13 ,7.14,7.16) to obtain the eigenvalue
ΛXXZ(λ) = sin
N (λ+ η)
m∏
j=1
sin(λj − λ+ η2)
sin(λj − λ− η2 )
+ sinN λ
m∏
j=1
sin(λ− λj + 3η2 )
sin(λ− λj + η2 )
(7.17)
by making a shift λ→ λ+ η
2
and the Bethe equation(
sin(λk +
η
2
)
sin(λk − η2 )
)N
=
m∏
j 6=k
sin(λk − λj + η)
sin(λk − λj − η) (7.18)
for j = 1, 2, . . . , m. Remembering that the Hamiltonian for the XXZ chain is Hxxz =
C1, we get the energy spectrum Hxxz | φ >m= E(m)xxz | φ >m as
E(m)xxz = Λ(λ)
′Λ−1(λ) |λ=0= sin η
m∑
j=1
1
sin(λj − η2 ) sin(λj + η2)
+N cot η. (7.19)
Depending on the values of the anisotropy parameter ∆ = cos η, the model ex-
hibits qualitatively different behavior. For ∆ ≥ 1 the ground state of the chain is
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ferromagnetic, while ∆ < 1 corresponds to the antiferromagnetic ground state with
total spin = 0, attained at half filling m = N
2
. ∆ = ±1 is related to the isotropic case
discussed below with +1 describing the ferromagnetic, while −1 the antiferromagnetic
chain.
7.1.2 XXX spin-1
2
chain
Isotropic XXX Heisenberg spin-1
2
chain is given by the Hamiltonian and the Lax
operator as in (2.38) and belongs to the integrable class with the rational R-matrix
(7.3). However, since q → 1 limit of the trigonometric model corresponds to the
rational case, the eigenvalue problem (7.4) for the XXX model can be solved cheaply
by taking this limit from the anisotropic result (7.17-7.18). This in effect amounts
simply to the formal replacement of sin λ→ λ, cosλ→ 1, resulting
Λxxx(λ) = (λ+ η)
N
m∏
j=1
λj − λ+ η2
λj − λ− η2
+ λN
m∏
j=1
λ− λj + 3η2
λ− λj + η2
(7.20)
for the eigenvalue expression along with the Bethe equation(
λk +
η
2
λk − η2
)N
=
m∏
j 6=k
λk − λj + η
λk − λj − η (7.21)
for j = 1, 2, . . . , m. The energy spectrum for the m-spin excited state can also be
similarly obtained from (7.19) as
E(m)xxx = η
m∑
j=1
1
λ2j − η2
(7.22)
Note that for the XXX spin chain model (2.38) the parameter is to be set as η = ± i
2
in all the above formulas, which correspond to the isotropic case ∆ = ±1 and is linked
to the ferromagnetic or the antiferromagnetic ground states, respectively. Physical
significance of the ABA results will become clear after we solve the same problem
through the CBA and show their equivalence.
7.1.3 Spin chains with impurity
For describing integrability of the impurity models considered in sect. 6, the Lax
operator L(λ) at site s in the monodromy matrix may be replaced by L(λ − ν),
keeping all other operators the same. As a result, for the eigenvalue solution of spin
chains with impurity, the model dependent part in the ABA relations (7.14) and
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(7.16) is changed as αN(λ)→ αN−1(λ)α(λ− ν) and βN(λ)→ βN−1(λ)β(λ− ν). For
XXZ spin-1
2
chain with impurities , for example, the expressions sinN(λ± η
2
) in (7.15)
should be replaced by sinN−1(λ± η
2
) sin(λ− ν ± η
2
) influencing the result (7.14-7.16)
accordingly. Therefore we may conclude, that the impurity parameter ν acts like an
extra (but known) rapidity parameter λm+1 in addition to the set of such unknown
parameters. The corresponding energy of the impurity model is
E
(m)
imp = E
(m)
hom + cot(
η
2
− ν)− cot η
2
(7.23)
where E
(m)
hom is given by the homogeneous model (7.19) without impurity.
7.1.4 Inhomogeneous models
In inhomogeneous models, extending the concept of impurity to every site the argu-
ments of all Lax operators are shifted by νj as (6.14). Therefore in the ABA equations
one should replace now
αN(λ)→
N∏
j=1
α(λ− νj), βN(λ)→
N∏
j=1
β(λ− νj). (7.24)
The energy spectrum for the inhomogeneous XXZ model therefore results to
E
(m)
inhom = E
(m)
hom +
N∏
j=1
cot(
η
2
− νj)−N cot(η
2
) (7.25)
7.1.5 Other examples of regular models
Let us start with the more general regular L(λ) operator of the form (6.5) and extend
eigenvalue relation (7.14) for the spin models to
Λ(λ, {λj}m1 ) =
m∏
j=1
a+(λj − λ)
b−(λj − λ)a
N
+ (λ) +
m∏
j=1
a−(λ− λj)
b−(λ− λj) b
N
− (λ). (7.26)
and the Bethe equation (7.16) to
(
a+(λk)
b−(λk)
)N
=
∏
l 6=k
−a−(λk − λl)
a+(λl − λk) , k = 1, 2, . . . , m (7.27)
i) Wu-McCoy model
This is a twisted XXZ model constructed in (6.18), where the parameters are
given by (6.19) as b±(λ) = e
±iθ sinλ, a±(λ) = sin(λ + η). Therefore the Bethe
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equation (7.18) of the original XXZ chain ,as seen from (7.27) is changed by the
appearance of an extra factor eiθN in its lhs, while the energy spectrum remains the
same as (7.19) due to cancelation of θ-factors.
ii) XXZ in a magnetic field
We have seen in sect. 6 that the color twisting of the XXZ chain amounts to
putting it in a constant magnetic field. Therefore, using the related parameters (6.20)
one finds that due to a+(λ)
b−(λ)
= a(λ)
b(λ)
and a−(−λ)
a+(λ)
= a(−λ)
a(λ)
the Bethe equation remains
the same, while an extra constant term 1
2
cN appears in the energy spectrum coming
from aN+ (λ), which answers for the effect of the constant magnetic field
c
2
.
iii) Free fermion models
It is interesting to check how the freedom of the free fermionic models are reflected
in the Bethe ansatz equations. From the parametrization (6.21) of such a simple
model we find that a−(−λ)
a+(λ)
= cos(−λ)
cosλ
= 1, which readily gives the rhs of the Bethe
equation (7.27)= −1, signifying trivialization of the m-particle scattering matrix and
confirming thus the noninteracting nature of the model.
Similarly for the free fermionic model generated from the nonstandard R-matrix
with (6.26), we have
a(−λ)
a+(λ)
= sin(λ+η)
sin(λ+η)
= 1 yielding again the trivial scattering matrix.
7.1.6 String solution and thermodynamic limit
i) String Solution
Though the general solution of the Bethe equations (7.18, 7.21) is difficult to find,
a particular form of complex solution, called the string solution of length m = 2M+1
can be given as
λn = x+ in, n = −M,−M + 1, . . . ,M − 1,M. (7.28)
The corresponding excitation energy can be calculated by inserting the string solution
in the expressions like (7.19, 7.22). For example, the XXX spin model gives
E(str)xxx =
M∑
n=−M
1
(x+ in)2 + 1
4
=
2(M + 1
2
)
x2 + (M + 1
2
)2
(7.29)
ii) Thermodynamic limit
The thermodynamic limit or the large system limit at N →∞ with finite lattice
spacing ∆ is important from the physical point, when the sum in the logarithm of
the Bethe equations turn into an integral: 1
N
∑m
j=1 fi →
∫ x1
x0
dxf(x) and the equations
become easier to handle in many cases. For example, in antiferromagnetic XXX
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chain with total spin zero for the ground state, we choose the half filling m = N
2
and
for calculating the momentum pj take the logarithm of the Bethe equations (7.21) to
get
tan−1 2λk =
πQk
N
+
1
N
N
2∑
j=1
tan−1(λk − λj), (7.30)
where the integers (or halfintegers) Qk take all successive values between −m−12 ≤
Qk ≤ m−12 for the ground state. At the thermodynamic limit QkN → x, λk → λ(x),
and since for the ground state m−1
2
→ N
2
, we get the ranges −1
4
≤ x ≤ 1
4
, −∞ ≤
λ ≤ ∞, which reduce the Bethe equation (7.30) to an integral equation
tan−1 λ(x) = πx+
∫ 1
4
− 1
4
dy tan−1(λ(x)− λ(y)). (7.31)
Differentiating (7.31) and introducing the density ρ(λ) =
(
dλ(x)
dx
|x=x(λ)
)−1
of λ in the
interval dλ one gets
πρ(λ) +
∫ ∞
−∞
dµ
ρ(µ)
1 + (λ− µ)2 =
2
1 + 4λ2
. (7.32)
The equation can be solved using the Fourier transform
ρ(λ) =
1
2π
∫ ∞
−∞
dξ
e−
1
2
|ξ|
1 + e−|ξ|
e−iλξ =
1
2 coshπλ
. (7.33)
Total energy of the antiferromagnetic ground state therefore is
E0 − N
2
= N
∫
h(λ)ρ(λ)dλ = −N
∫ ∞
−∞
dλ(
1
λ2 + 1
4
)ρ(λ) = −2N ln 2. (7.34)
The energy E0 of an anisotropic chain in the antiferromagnetic regime −1 < ∆ < 1
is calculated in a similar way [53].
7.1.7 functional Bethe ansatz
For some integrable models though the R matrix and L operators are known, due the
specific structures of the Lax operator or the boundary conditions, sometimes it is
difficult to construct the reference state | 0 > forsuchmodels. As a consequence the
standard ABA method is not applicable to them. Nevertheless, by the application of
another method called functional Bethe ansatz (FBA) [59, 58, 22], it is often possible
to achieve factorization to reduce the many body problem to a single particle one.
We briefly touch upon this method on the examples of Toda chains.
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i) Nonrelativistic and Relativistic Toda chains
We have seen the systematic construction of the R-matrix and the Lax operators
of the relativistic (or time discrete) and nonrelativistic (time continuous) Toda chains
as well as the explicit derivation of the respective Hamiltonians. However due to the
presence of exponential functions of fields in the Lax operators, the reference state
with C(µ) | 0 >= 0 is difficult to find for them. We demonstrate in brief the
application of FBA to the Toda chains following the argument of [59].
Using QYBE (7.1) we find first [C(ξ), C(ζ)] = 0, a crucial relation for the ap-
plication of FBA, along with functional relations between C(ξ), A(ζ) analogous to
(7.9):
A(λ)C(µ) = f(λ− µ)C(µ)A(λ)− f1(λ− µ)C(λ)A(µ), (7.35)
and similar relation between C(ξ), D(ζ). Defining now commuting operators θj , j =
1, . . . , N − 1 as C(λ = θj) = 0 and conjugate operators Λ−j = A(λ → θj), Λ+j =
D(λ → θj) with the proper operator ordering prescription [59], we get from (7.35)
and from the relation between C,D the simple equations
Λ−j C(µ) = f(θj − µ)C(µ)Λ−j , Λ+j C(µ) = f(µ− θj)C(µ)Λ+j (7.36)
Let us consider the case of the nonrelativistic Toda chain related to the rational R-
matrix, for which we have f(θj − µ) = µ−(θj−η)µ−θj and interpolating the zeros at θj we
construct C(µ) = e−N
∏N−1
j=1 (µ−θj), using the input of the trivial commutation of C(µ)
at different µ. From (7.36) we conclude that the operators Λ±j shift the operators
θj by ∓η and since it is true for the symmetric polynomials in θj , one gets for the
symmetric function φ(θ1, . . . , θN ) the important relation [59]
t(θj)φ(θ1, . . . , θN−1) = (κ
1
2Λ−j + κ
− 1
2Λ+j )φ(θ1, . . . , θN−1)
= κ
1
2 i−Nφ(θ1, . . . , θj − η, . . . , θN−1) + κ− 12 iNφ(θ1, . . . , θj + η, . . . , θN−1)(7.37)
where i∓N is the eigenvalues of Λ∓j . To achieve separation of variables for the N − 1-
particle eigenfunction we represent φ(θ1, . . . , θN−1) =
∏N−1
j φj(θj) to get
t(θj)φj(θj) = i
−Nκ
1
2φj(θj − η) + iNκ− 12φj(θj + η) (7.38)
The FBA method described above is applicable also to its relativistic (discrete
time) generalization [47] related to the trigonometric R-matrix by expressing the
spectral parameter as ξ = eiλ and considering the zeros of C(µ) at θn with , ξn = e
iθn .
The separation of variable equation takes in this case the form
t(ξj)φj(ξj) = i
−Nκ
1
2φj(ξje
−iη) + iNκ−
1
2φj(ξje
iη) (7.39)
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Possibility of such solutions is also related to the pair propagation through a
vertex for the R-matrix [22], i.e. the existence of vectors hin(out), vin(out) such that
R(λ)νβµαv
in
β h
in
ν = v
out
α h
out
µ . A recent application of FBA to solve XXZ spin chain with
antiperiodic or more general boundary conditions can be found in [58, 109].
Field models
We focus here on the specializations of the ABA, that one has to make for appli-
cation to the field theoretic models, over that for the lattice models described above.
We have seen in sect. 4 that the integrable field models like NLS, SG , DNLS etc.
can be lattice regularized with exact Lax operators exploiting their underlying alge-
braic structures. Therefore such lattice versions of the field models defined in a finite
interval [−l, l], l = N∆ with lattice spacing ∆ satisfy the global QYBE (7.1) and
can be solved through the same ABA scheme described above.
Our aim however is to explore the continuum models with ∆→ 0 and at infinite
interval l → ∞. Involvement of these two limiting procedures makes the related
ABA a bit different from and slightly difficult than the ABA for the discrete models.
However, we achieve in turn some simplifications, e.g. we completely get rid of the
problem with unwanted terms and consequently of the Bethe equations. We may
consider first the ∆→ 0 limit by defining
Tl(λ) = lim
∆→0
2N∏
n=1
Ln(λ) (7.40)
which still satisfies relation (7.1). Another advantage is that, since we are interested
in field models at ∆→ 0, in most of the cases it is not necessary to deal with much
complicated forms of the exact lattice versions of the Lax operators (see the list in
sect. 2), but is sufficient to use Ln correct up to order ∆, i.e. Ln = 1 + ∆Un(λ),
where Un(λ) is the naive discretization of the Lax operator U(x, λ) of the continuum
model.
Let us find now the asymptotic at n → ∞, when the field operator, say ψn
vanishes in the weak sense | ψn |→ 0, resulting
Ln(λ)→ V (λ). and Ln(λ)⊗ Ln(µ)→W (λ, µ), (7.41)
which may differ from V (λ)⊗ V (µ) due to normal ordering of the operators. At the
infinite interval limit the QYBE (7.1) is needed to be regularized, for which we define
the scattering matrix as
T (λ) = lim
N→∞
V (λ)−NTl(λ)V
−N (λ) =
 A(λ) B(λ)
ǫB†(λ) A†(λ)
 , ǫ = ∓. (7.42)
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Observe that at∞ interval limit SU(2)(SU(1, 1)) symmetry is usually restored for the
monodromy matrix. The regularized QYBE using the equation R(λ− µ)W (λ, µ) =
W (µ, λ)R(λ− µ) now looks like
R+(λ− µ)T (λ)⊗ T (µ) = (I ⊗ T (µ))(I ⊗ T (λ))R−(λ− µ) (7.43)
with R± = S˜
−1
± RS±, where S± = S±(λ, µ) = limN→∞W
∓N(λ, µ)V ±N(λ)⊗ V ±N(µ)
and S˜± = S±(µ, λ) carry information about the asymptotic behavior. Unlike the
lattice models involving the R matrix only, the explicit form of S± and consequently
R± matrices become model dependent. We consider below some examples which will
clarify this point. R±-matrix generally takes the form
R± =

f
1 f1±
fˆ1∓ 1
f
 , f =
a
b
, f1 =
c
a
(7.44)
with fˆ1±(λ, µ) = liml→∞ f1(λ, µ)e
∓iρ(λ,µ) l
2 , where the function ρ depends on the con-
crete model. The limits of such singular terms must be taken carefully in the principal
value sense
lim
l→∞
P e
∓iρl
ρ
= ±iπδ(ρ)
and after properly normal ordering the operators.
7.1.8 NLS model
Let us elaborate the subsequent steps on the example of NLS field [41, 16] model
involving the fields ψ, ψ† with [ψ(x), ψ†(y)] = δ(x− y), where
ψn =
1
∆
∫ xn
xn−∆
ψ(x)dx (7.45)
and described by the Hamiltonian and the Lax operator as in (2.37). The discrete
Lax operator for our purpose may be chosen simply by discretizing (2.37) as
Ln(λ) = I− i∆Ln(λ) = I− i∆
 λ η 12ψ†
η
1
2ψ − λ
 . (7.46)
Therefore the asymptotic expressions at ψ → 0 give V (λ) = I−i∆λσ3, W (λ.µ) = I−
i∆(λσ3⊗I+µI⊗σ3−iησ−⊗σ+) which in turn construct S± and R± matrices. Using
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the associated rational R-matrix (7.3) we get R± in the form (7.44) with f1±(λ, µ) =
liml→∞
η
λ−µ
ei∓(λ−µ)
l
2 = 2πiηδ(λ− µ), which yields from (7.43) the relations
AB˜ = f˜ B˜A − 2πiηδ(λ− µ)BA˜ (7.47)
with [A, A˜] = 0 and the notations same as in (7.9-7.10). In handling such singularities
it is always better to extract the limits only at the final stage after performing all
other operations.
Compared to (7.9-7.10) in place of unwanted terms there appears in (7.47) a
term with δ(λ − µ), which disappears for λ 6= µ. Therefore we can repeat here the
arguments of the above ABA scheme for constructing the reference state | 0 > as
well as them-particle eigenstates as | φ >m=| λ1λ2 . . . λm >= B(λ1)B(λ2) . . . B(λm) |
0 > . The eigenvalue expression consequently is given again by (7.14) considering the
regularization (7.42) and yields limN→∞ α
N | 0 >= limN→∞ eiλ∆σ3NTl(λ)eiλ∆σ3N =|
0 > However, due to the absence of any constraint like Bethe equation, parameters
{λj} are arbitrary in continuum models. This is an important and major difference
between the ABA for the field and the lattice models.
Note that the NLS model is intimately connected with the spin models through
Holstein-Primakov transformation (4.35) and belongs to the same rational class as
the XXX chain. We can formally derive the eigenvalue of A(λ) for the NLS from
(7.20) as Λnls(λ) =
∏m
j=1
λ−λj+i
η
2
λ−λj−i
η
2
considering αN = 1 and a shift λ→ λ− iη
2
.
Consequently the eigenvalues for the conserved quantities for the NLS system are
generated by the expansion lnΛnls(λ) =
∑
nC−nλ
−n at λ→∞ and = ∑Nj=0Cnλn
at λ→ 0 in correspondence to the respective conserved opeartors. Since Hnls = C−3,
one finds therefore the energy spectrum for the NLS model as Enls =
∑N
j=1 λ
2
j . The
case η = − | η |< 0 corresponds to the NLS model with attractive interaction and
allows also bound or soliton states given by the string like solutions λj = P0 − i |
η | (j − m+1
2
), j = 1, . . . , m. Due to such choice of λj the poles of the individual
factors in Λnls(λ) are canceled by the zeros of the neighboring factors. As a result we
get Λsoliton(λ) =
λ−P0−i
|η|m
2
λ−P0+i
|η|m
2
, which though constructed from m-number of particles as
a bound state, mimics clearly the structure of a single particle and hence is called
soliton. Note the curious fact that the same structure with zeros and corresponding
poles at discrete points in the complex λ plane also appear in the classical soliton
solution for the scattering matrix element a(λ), as mentioned in the introduction.
Thus for such m-particle bound state, the particle number N = C−1, the momentum
P = C−2 and the energy spectrum Em = C−3 can be obtained as
N = m, P = P0, Em =
P 20
m
− η
2
12
(m3 −m) (7.48)
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The other set of conserved operators Cn, n ≥ 0 leads usually to nonlocal quantities.
Interestingly, the Hamiltonian of the NLS field model is equivalent to the δ-
function Bose gas as the interacting N body system with the Hamiltonian
H = −
N∑
j=1
∂
∂x2j
+ 2η
∑
i<j
δ(xi − xj) (7.49)
Therefore the energy eigenvalue problem H | n >= En | n > for the NLS model [41]
also coincides formally with that for the δ-function Bose gas solved in [110, 56].
7.1.9 DNLS model
Unlike the well known nonultralocal derivative NLS [98], the DNLS model given by
(2.27) is ultralocal with the field commutation relation [ψ(x), ψ†(y)] = − sinhδ(x−y)
and, as shown in sect. 5, has a remarkable connection with the quantum algebras and
q-oscillators. We show here how one can solve the eigenvalue problem of this quantum
field model exactly through the ABA scheme [49]. Though the exact lattice version
for the Lax operator of the model is available as (5.20), it is sufficient to consider
such operator correct up to order ∆ : Ln(λ) = I + i∆Ln(λ) by using (7.45), where
Ln is a simple disctretization of the field model Ldnls given in (2.27). The coupling
constants κ± are nontrivially renormalized in the quantum case as κ± =
e
i∓η
2
cos η
2
.
Since the model belongs to the trigonometric class, the ABA should incorporate
the case (7.2) and follow the formalism described above for the field models involving
the limits N →∞,∆→ 0. The structure of the Lax operator and the commutation
relations derive the asymptotic matrices (7.41) as
V (λ) =
(
I− i∆
2
ξ2σ3
)
I,
W (λ, µ) = I⊗ I− i∆
4
(
ξ2(σ3 ⊗ I) + ζ2(I ⊗ σ3)
)
+∆ξζ sin η σ− ⊗ σ+ (7.50)
The R± matrix has the structure of (7.44) with
f1±(ξ, ζ) = lim
l→∞
f1(λ, µ)e
∓i(ξ2−ζ2) l
2 = 2πξ2 sin ηδ(ξ2 − ζ2)
and the QYBE relations have the form (7.43) with specializations forR± as mentioned
yielding
AB˜ = f˜ B˜A − 2πλ2 sin ηδ(λ2 − µ2)BA˜. (7.51)
Repeating the steps described above and using further the conditions like A(λ) |
0 >=| 0 >, one gets the eigenvalue solution Λdnls(λ) = ∏mj=1 sinh(λ−λj+iα2 )sinh(λ−λj−iα2 ) . This allows
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also the string-like solution (7.28) as in the NLS model, resulting them-particle bound
state with the spectrum
C0 = ηm, , C1 = 2p sin(ηm), C2 = 8ηHm = p
2 sin(2ηm) (7.52)
and the binding energy
∆E = Hm −mH1 = p
2
8α
(sin 2αm−m sin 2α) < 0.
7.1.10 Sine-Gordon model
This relativistic field model has been studied intensively highlighting its various as-
pects [24, 111]. We have generated its Lax operator in sect. 4 as a direct realization
of the well known quantum algebra and discussed the problem of constructing its
quantum Hamiltonian in sect. 6. Here we apply the ABA scheme to the model for
determining the exact energy spectra.
i) Lattice regularization
For solving the SG field model by lattice regularization [24], one finds that the
naive disctretization does not work here and one has to start from the exact Lattice
Lax operator given in (2.31). Since the SG model is associated with the trigonometric
R-matrix (7.2) same as the XXZ spin chain, the discretized model follows the same
ABA scheme giving relations like (7.9,7.10), (7.17), (7.18) etc. with specialization
Dl(λ) = Al(λ)
† and Al | 0 >= eα(λ)l | 0 >, Dl | 0 >= eα∗(λ)l | 0 >. However there are
also some major differences. Firstly, the action of the discrete Lax operator (2.31)
on the pseudovacuum: Ln | 0 > does not reduce to the triangular form, which should
be tackled by defining a new Lax operator
Lˆn(λ) = Ln(λ)Ln+1(λ) (7.53)
as the product of two neighboring operators.
Unlike the above discussed models, the physical vacuum Ω is obtained here by
filling the state | 0 > by particles as Ω = ∏ρB(λρ + iπ2 ) | 0 > [24]. Therefore
1-particle state is described as the excitation over the physical vacuum as | 1 >=
B(λ0)
∏
ρB(λ¯ρ + i
π
2
) | 0 > . At the limit l → ∞, the second term in (7.14) becomes
negligible and the corresponding eigenvalue of | 1 > normalized by that of the vacuum
state gives
A1(λ, λ0) =
Λ(λ, λ0)
Λ(λ)
= f(λ0 − λ)
∏
ρ6=h f(λ¯ρ + i
π
2
− λ)∏
ρ f(λρ + i
π
2
− λ) (7.54)
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Now making a shift λ→ λ− iη
2
with a scaling of λ, λ0 , using the R-matrix input (7.2)
and finally taking the length l → ∞ in (7.54), we get for the m-particle excitation
[24]
A(λ) | m >=
m∏
k=1
tanh(λ− λk − iγ)
tanh(λ− λk + iγ) | m > (7.55)
where γ = πη
4(π−η)
and | m >= B(λ1) . . .B(λm)∏ρB(λ¯ρ + iπ2 ) | 0 >. Note that
each factor in (7.55) corresponding to a single particle excitation has two zeros and
corresponding poles in the complex λ plane, which describe a breather like quantum
state representing bosonic particle of the theory. One can consider also a M-particle
bound state by considering a string-like solution for the parameters λk. Curiously,
the more fundamental kink state with nontrivial topological charge is difficult to
obtain in this model. Expanding lnA(λ) from (7.55) as
∑
nCnλ
n at λ→ 0 and as∑
n C−nλ
−n at λ→∞, we can get the energy and the momentum eigenspectra as
H =
im
8 | γ′ |(C−1 − C1), P =
im
8 | γ′ |(C−1 + C1).
ii) Continuum approach
Alternatively, one can solve the eigenvalue problem of the SG field model starting
from the continuum Lax operator (2.25) itself by considering carefully the short
distance behaviors [112]. This more direct approach leads also to the same particle
spectra given through the breather state (7.55), but draws an important conclusion
that such solutions are possible only for the parameter value | η |< π. For getting
the asymptotic solution limn→∞ Ln → V (λ) in the diagonal form, one has to make a
gauge transformation over the Lax operator (2.25) amounting to a cyclic replacement
of σa, a = 1, 2, 3. As a result the R-matrix changes to a form
R(λ, µ) = P
(
I ⊗ I +X(σ3 ⊗ σ3 + σ1 ⊗ σ1) + Y σ2 ⊗ σ2
)
X =
1 + η2
1− η2g(λ, µ), Y =
(
1− 2iη
1− η2 tanh
λ− µ
2
)
g(λ, µ) (7.56)
where g(λ, µ) = f(λ, µ)
(
1− 2iη
1−η2
coth λ−µ
2
)−1
. Therefore in place of (7.2) one gets
the function f = a
b
as f(λ, µ) =
(
1−iη coth λ−µ
2
1−iη tanh λ−µ
2
)
, which after defining γ = 2 tan−1 η
and making a shift λ→ λ+ iγ
2
coincides with the factors appearing in (7.55). At the
continuum we construct (7.44) using this modified R-matrix and the QYBE (7.43)
to get
A(k)B(k′) = f(k, k′)B(k′)A(k) + 2πγk0δ(k1 − k′1)B(k)A(k) (7.57)
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with k1 = 2 sinhλ, k0 = 2 coshλ, which consequently derives the same breather-like
spectrum (7.55) for the eigenvalue expression. Note that the only difference appearing
here is in the value of the renormalized coupling parameter γ.
The SG model in the light-cone coordinates using ABA has also been solved in
[100].
7.1.11 Liouville model
This relativistic field model is given as in (2.26). Lattice regularized version is usually
represented by the exact discrete Lax operator (2.32). However in (5.16) another
such Lax operator is derived, which appears to be more suitable for the Bethe ansatz
solution [46]. Like the SG model one has to use the product of Lax operators (7.53)
in constructing the pseudovacuum. Since the model belongs to the trigonometric
class, the ABA scheme goes parallel to the spin-1
2
XXZ chain described above with
eigenvalue (7.14), Bethe equation (7.16) etc. by incorporating (7.2). The difference
appears only in the model-dependent part (7.15) defining the action of A(λ) and
D(λ) on the pseudovacuum. This yields the lhs of the Bethe equation as
(
α
β
)N
= eiηN
(
sinh(λk − iη2 )
sinh(λk + i
η
2
)
)N
. (7.58)
Comparing with the Bethe equation for the spin-S case one may conclude, that the
lattice Liouville model corresponds formally to a spin (−1
2
) XXZ chain with an extra
phase factor eiηN [46]. Recall that, similar phase factor arises under twisting through
(7.27). The momentum and energy eigenvalues of the discrete Liouville model is the
same (with opposite sign) to those of the spin +1
2
, XXZ chain. Since discretized
model is defined in a finite volume 2π = ∆N , the N → ∞ limit would lead to the
Liouville field model yielding the corresponding eigenvalues at this limit. Bound state
solutions, conformal properties and other details of the model can be found in [46].
7.2 Nested Bethe ansatz
The ABA described above is designed for the SU(2) related models with 2× 2 Lax
operators. We mention in brief how to generalize this technique for models with
SU(N), N > 2 having N× N Lax operators. Examples of such models are the Perk-
Schultz [97] type model associated with the trigonometric R-matrix (4.31) and the
vector NLS model with rational R. The method, called nested Bethe ansatz (NBA),
consists of a recurrent application of the ABA or their nesting for subsequent solutions
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of the higher rank problems using those of the lower ones. We demonstrate it for the
case N = 3, since the generalization to N > 3 then becomes straightforward [57].
We start as in the standard ABA with the QYBE (7.1), where the R matrix
is taken now as a more general solution ( obtained also in (4.15) through Yang-
Baxterization)
R(λ) =
3∑
i,k
f(λ)Eii ⊗ Eii + Eii ⊗ Ekk + f1(λ)(Eik ⊗Eki (7.59)
with f, f1 given by the same expressions as in (7.2,7.3) and the monodromy matrix
is in the 3× 3 form
T (λ) =

T00 B1 B2
C1 T11 T12
C2 T21 T22
 .
This gives the relations
T00B˜α = f˜ B˜αT00 − f˜1BαT˜00, (7.60)
TααB˜β = −f1BαT˜αβD + B˜γTατR(1)τγαβ , (7.61)
and fBαB˜β = B˜γBδR
(1)γδ
αβ (7.62)
with all Greek indices taking values 1 and 2 and with the notation T00 = T00(λ), T˜00 =
T˜00(µ) etc. Note that the relation (7.60) is similar to (7.9), while (7.61,7.62) are
complicated and unlike the usual ABA case do not preserve the same set of operators
we started with. Nevertheless, there are similarities in the structure and the 2 × 2
matrix R
(1)γδ
αβ appearing in the above relation is again a R-matrix solution with one
step lower rank.
Observing in (7.62) that a particular string of B’s generates its other combina-
tions, we guess the Bethe ansatz for the eigenvector in the form of superposition of
all such strings of B’s as
| φ >=| λ1λ2 . . . λn >=
∑
{a}
Ba1(λ1)Ba2(λ2) . . . Ban(λn) | 0 > F a1···an , (7.63)
where the operator coefficients F a1···an would be determined later. Using the similar
pseudovacuum reference state (7.8) one obtains
T00(λ) | 0 >= αN(λ) | 0 >, T11(λ) | 0 >= T22(λ) | 0 >= βN(λ) | 0 > . (7.64)
For this model we have α = f(λ) and β = 1. We assume for the time being, that
the unwanted terms in the commutation relations (7.60-7.61) (those with changed
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arguments like Bα, T˜αβ) are simply absent. We will find later that as in the ABA, the
Bethe equations for this system represent also the condition necessary for vanishing
of such unwanted terms.
Repeating the standard arguments described above we obtain the eigenvalue of
(7.60) as
T00(λ) | n > = Λ00(λ | λ1, . . . , λn | n >,
= αN(λ)
n∏
l=1
f(λl − λ) | n > , (7.65)
However, the relation (7.61) can not solve the eigenvalue problem directly and instead
yields
∑
α
Tαα(λ) | n >= (
n∏
l=1
Bbl(λl)) τ
(1)(λ | {λl})bl···bnal···an F al···an | 0 > . (7.66)
It is curious to note that the τ (1) operator appearing here with τ (1)(λ | {λl}) =∑
α T
(1)
αα (λ | {λl}) = tr(T (1)(λ | {λl})), where
T (1)αα (λ | {λl}) = R(1)γ1b1αa1 (λ− λ1) · · ·R(1)γnbnγn−1an (λ− λn)Tαγn(λ)
= (Lα1(λ− λ1) · · ·Lαn(λ− λn)T (λ))αα (7.67)
represents the transfer matrix of N+n site chain with n inhomogeneous sites (coming
from R(1) matrices). One can continue the arguments further by attempting to solve
the eigenvalue problem of τ (1)(λ | {λl})bl···bnal···an F al···an | 0 >, since we see immediately
that (7.67) involves only 2×2 monodromy matrices and hence is the standard problem
we have already solved. This nesting is the basic idea in NBA and we choose therefore
F al···an = | λ(1)1 , . . . , λ(1)n1 >al···an
= (B(1)(λ
(1)
1 ) · · ·B(1)(λ(1)n1 ) | 0(1) >)al···an (7.68)
with B(1)(λ
(1)
j ) and | 0(1) > living on a lattice of n sites and thus is an element of
direct product of n Hilbert spaces. The part of τ (1) involving Tαγn however acts on
nonoverlapping N product Hilbert space and hence commutes with B(1)(λ
(1)
j )’s and
can hit directly the vacuum | 0 > .
Using therefore the eigenvalue result (7.13), with trivial modification due to in-
homogeneity in Lj(λ− λj) and its form (7.59) affect the action on the vacuum as
A(1)(λ | {λj}) | 0(1) >=
n∏
j=1
f(λ− λj) | 0(1) >, D(1)(λ | {λj}) | 0(1) >=| 0(1) >,
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along with Tαα | 0 > as in (7.64). Thus we get the part of eigenvalues as
(τ (1)(λ | {λl})F ) | 0 >= βN(λ) | 0 >
 n1∏
j=1
f(λ
(1)
j − λ)
n∏
l=1
f(λ− λl) +
n1∏
j=1
f(λ
(1)
j − λ)
F.
(7.69)
The final expression for the eigenvalues of the original transfer matrix τ(λ) =
trT (λ) =
∑2
a=0 Taa(λ) is
τ(λ) | n >=
2∑
a=0
Λaa | n >= Λ(λ | {λl}, {λ(1)l }) | n >
can be obtained in the closed form by adding (7.65) and (7.66) incorporating (7.69).
We observe that in the NBA additional sets of parameters appear, for which
the determining equations called Bethe equations are obtained from the vanishing
of unwanted terms (already assumed). One can derive such equations by carefully
keeping track of all such terms throughout the nested steps [113] or an easy way out
as before is to obtain the same Bethe equations from the vanishing conditions of the
residues of Λ(λ | {λl}, {λ(1)l }) at λ = {λl}, j = 1, . . . , n, and λ = {λ(1)j }, l =
1, . . . , n1. Thus from the condition resΛ(λ)λ=λm = res(Λ00(λ) + Λ11(λ))λ=λm = 0,
(since Λ22(λ) gives no contribution) we obtain the 1st set of Bethe equations
fN(λm) =
n∏
l 6=m
f(λm − λl)
f(λl − λm)
n1∏
j=1
f(λ
(1)
j − λm) (7.70)
where f(λm) =
a(λm)
b(λm)
, m = 1, . . . , n. The 2nd set of Bethe equations similarly can be
obtained from the condition resΛ(λ)
λ=λ
(1)
k
= res(Λ11(λ) + Λ22(λ))λ=λ(1)
k
= 0 as
n∏
l=1
f(λ
(1)
k − λl) =
n1∏
j 6=k
f(λ
(1)
k − λ(1)j )
f(λ
(1)
j − λ(1)k )
(7.71)
with k = 1, . . . , n1.
Choosing the function f(λ) as (7.2) or as (7.3) we can apply the above result for
solving concrete quantum models with internal degrees of freedom and belonging to
the trigonometric or the rational class, respectively. Examples of such rational models
are the vector NLS model [114], matrix NLS model, quantum N−wave system [57, 115]
etc., while the Perk-Schultz model [116] or the generalized six-vertex model [117], the
anisotropic n-vertex model [96] etc. are the examples of higher rank models belonging
to the trigonometric class.
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7.3 Coordinate Bethe ansatz
The coordinate formulation of the Bethe ansatz (CBA) [54, 55, 118] aims to solve the
Hamiltonian eigenvalue problem directly, without assuming explicitly any integrabil-
ity condition. However for integrable models allowing ABA treatment, the CBA is
also found to work successfully. Let us demonstrate it on the example of anisotropic
XXZ spin-1
2
chain we have solved already through ABA.
7.3.1 XXZ spin-1
2
chain
The Hamiltonian of the model (6.8) after addition of an irrelevant constant term is
written as
Hxxz = −
N∑
n
σ+n σ
−
n+1 + σ
−
n σ
+
n+1 +
∆
2
(σ3nσ
3
n+1 − 1), (7.72)
where values of the parameter ∆ = cos η defining the anisotropy of the model de-
termines also its anti-ferromagnetic or the ferromagnetic behavior. We work now in
the coordinate formulation, i.e. explicitly on the lattice, where the spin states can be
either up or down with basic vectors e+ =
 1
0
 or e− =
 0
1
 = σ−e+, and
we consider the spin excited states | x1, . . . , xm >= σ−x1 . . . σ−xm | 0 >, with m down
spins e− at lattice sites x1, . . . , xm in the background of the rest N − m up spins.
The set of such basis vectors are orthonormal satisfying
< x′1, . . . , x
′
m | x1, . . . , xm >= 0, for different arrangements of {x′}, {x} and
= 1 for {x′} ≡ {x}. The m = 0 or the vacuum state | 0 > state is the ferromagnetic
ground state with all spins up.
The ansatz for the eigenvector is given as the superposition of all such states:
Ψm >=
∑
x1<x2<...<xm
Ψ(x1, . . . , xm) | x1, . . . , xm > (7.73)
the explicit form of which will be specified later. Equations for determining the
functions Ψ(x1, . . . , xm) can be obtained from the eigenvalue equation H | Ψm >=
Em | Ψm > by the Hamiltonian (7.72) acting on the vector (7.73). We start from the
elementary knowledge σ±n e
±
n = 0, σ
±
n e
∓
n = e
±
n , σ
3
ne
±
n = ±e±n , to obtain
(σ±n σ
∓
n+1)e
±
n ⊗ e∓n+1 = 0 , (σ∓n σ±n+1)e±n ⊗ e∓n+1 = e∓n ⊗ e±n+1,
(σ3nσ
3
n+1 − 1)e±n ⊗ e∓n+1 = −2e±n ⊗ e∓n+1,
along with the trivial actions of all the above operators on e±n ⊗ e±n+1. An interesting
conclusion follows now, that on local excitations involving the term . . . e+ ⊗ e−n ⊗
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e+ . . . ≡| . . . , 0, xn, 0, . . . > the XY part of the Hamiltonian hxy = ∑Nn hn,n+1xy ,
where hn,n+1xy = −(σ+n σ−n+1 + σ−n σ+n+1) acts as
− hl−1,lxy | . . . , 0, xl−1, 0︸ ︷︷ ︸, . . . >=| . . . , 0, 0, xl︸ ︷︷ ︸, . . . > (7.74)
shifting it towards right by one site, provided that site is not already occupied. In
the analogous way
− hl,l+1xy | . . . , 0, xl+1︸ ︷︷ ︸, 0, . . . >=| . . . , xl, 0︸ ︷︷ ︸, 0, . . . > (7.75)
acts with a similar left shift. On the other hand, the remaining part of the Hamilto-
nian hz =
∑N
n h
n,n+1
z , h
n,n+1
z = −∆2 (σ3nσ3n+1 − 1) preserves its position yielding
− hl−1,lz | . . . , 0, xl︸ ︷︷ ︸, 0, . . . > = −∆ | . . . , 0, xl︸ ︷︷ ︸, 0, . . . >, (7.76)
−hl,l+1z | . . . , 0, xl, 0︸ ︷︷ ︸, . . . > = −∆ | . . . , 0, xl, 0︸ ︷︷ ︸, . . . > . (7.77)
For better understanding of the effect of spin interactions on the eigenvectors, let us
look into the m = 2 excitations with | Ψ+2 >=
∑
x1<x2 Ψ(x1, x2) | x1, x2 >, before
going to the general case, where + sign signifies the particular ordering of x1 < x2.
Since the Hamiltonian involves only nearest neighbor interactions, we consider first
the situation x1+1 < x2, when x1, x2 are non-nearest neighbors, resulting the action
of the Hamiltonian on eigenvector | Ψ+2 > as the noninteracting one. Therefore
implementing the above mentioned properties of hxy, hz we obtain the action of the
total Hamiltonian in the eigenvalue equation. Considering further the orthonormality
of the set of basic vectors | x1, x2 > we get an equation for the functions Ψ(x1, x2) as
−(Ψ(x1−1, x2)+Ψ(x1+1, x2)+Ψ(x1, x2−1)+Ψ(x1, x2+1))+4∆Ψ(x1, x2) = E2Ψ(x1, x2).
(7.78)
Note that since x1, x2 are not nearest neighbors a particular state | x1, x2 > can
be reached under the action of hxy, from both right and left sides as in (7.74,7.75).
This results symmetric expressions of Ψ(·, ·) in (7.78) and due to the same reason the
contributions of hz in (7.78) are from both (7.76) and (7.77) summed to 2∆Ψ(x1, x2),
coming from each of the excitations at x1 and x2.
For incorporating interactions we consider now x1, x2 as nearest neighboring
points with x2 = x1 + 1. It is crucial to note that any state | x1, x2 >≡| x, x + 1 >
can only be reached in this case by a right shift of x1 − 1 as in (7.74) and a left
shift of x2 + 1 as in (7.75), resulting the presence of only such functions Ψ(·, ·) in
its eigenvalue equation. Furthermore, since only the left neighboring site of x1 is
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empty and correspondingly the right site for x2, the contributions under hz for the
excitation at x1 come from (7.76) only, while that for x2 is only due to (7.77). As a
result compared to (7.78) less terms appear now in the eigenvalue equation giving
− (Ψ(x− 1, x+ 1) + Ψ(x, x+ 2)) + 2∆Ψ(x, x+ 1) = E2Ψ(x, x+ 1). (7.79)
However we demand that our eigenvector | Ψ+2 > should be the same for all values
of x1 < x2, i.e. (7.78) by setting formally x2 = x1 + 1 should coincide with (7.79).
Consequently the condition for vanishing of their differences gives the constraint
equation
Ψ(x+ 1, x+ 1) + Ψ(x, x) = 2∆Ψ(x, x+ 1). (7.80)
The difference eqns. (7.78) and (7.80) being at our disposal, an ansatz for the solution
is made in the form of superposition of plane waves
Ψ(x1, x2) = A12e
i(p1x1+p2x2) + A21e
i(p2x1+p1x2), (7.81)
where the coefficients A12, A21 or rather their ratio and the momenta p1, p1 are
unknown parameters. They will be determined as shown below, by the equa-
tion (7.80) and the boundary condition. Generally speaking one should denote
A12 ≡ A+p1p2, A21 ≡ A+p2p1, to stress the ordering of x1, x2 and p1, p2. Since the
eigenvalue E2 must not depend on the positions of the excitations, we may find it
from (7.78) inserting ansatz (7.81) to yield
E2 = 2
2∑
j=1
(∆− cos pj). (7.82)
For determining the coefficients we similarly obtain from (7.80)
A12
A21
= −g(p2, p1)
g(p1, p2)
≡ −eiθ(p1,p2), (7.83)
where
g(p1, p2) = 2∆e
ip1 − ei(p1+p2) − 1, (7.84)
θ(p1, p2) = −θ(p2, p1) may be interpreted as the phase change suffered in the scatter-
ing of two pseudoparticles (magnons) due to the exchange of momenta.
For deriving now the equations for the parameters p1, p2, we invoke the boundary
conditions considering them to be periodic. That is we assume the chain to be closed
by identifying the states at sites x and x+N given by | Ψ+x1<x2 >= | Ψ−x1+N=x′1>x2 >,
where | Ψ− > denotes the state with reverse ordering of x′is. However it is easy to
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see that | Ψ− > does not give any new solution and can be obtained from Ψ+ > by
just interchanging x1 ↔ x2. Therefore the periodic boundary condition is compatible
with the relation
Ψ(x1, x2) = Ψ(x2, x1 +N), (7.85)
which with the substitution (7.81) yields the system of equations
eip1N = −eiθ(p1,p2), eip2N = −eiθ(p2,p1) (7.86)
defining p1, p2.
Thus we have completely solved the eigenvalue problem for the m = 2 case by
finding explicitly the energy spectrum and the eigenvector. Repeating similar ar-
guments one can solve the general case for arbitrary m < N, yielding the energy
value
Exxzm = 2
m∑
j=1
(∆− cos pj) (7.87)
and the eigenvector (7.73) with
Ψ(x1, . . . , xm) =
∑
P
AP (1,...,m) e
i
∑m
j=1
P (pj)xj (7.88)
where P (1, . . . , m) stands for the permutation of all m indices 1, . . . , m involving
m! number of terms in the expression and P (pj) corresponds to the the same set of
permuted indices j in pj. The amplitudes are connected through the phase factors θ
as
A1′,...,m′
A1,...,m
= ±ei
∑
j,k
θ(pj ,pk) (7.89)
where the summation of the θ-factors are extended over those pairs of j, k which are
necessary to interchange to arrive from the arrangement of indices 1′, . . . , m′ to the
initial arrangement 1, . . . , m. More physically, for each interchange of particles at xj
and xk the scattering amplitude picks up a phase factor e
iθ(pj ,pk) and the total change
in amplitude is given by the multiplication of such phase factors due to two-body
scattering. This fascinating fact of the factorization of many-body scattering into the
two-body one is the essence of the integrability [119] and has been witnessed in all
integrable models. The ± sign appearing in (7.89) is determined by the parity of the
permutation. In particular case of m = 2 we have derived this formula with − sign
in (7.83). The periodic boundary condition, as explained already, gives the equations
for determining the parameters pj, j = 1, . . . , m generalizing (7.86) as
eipaN = (−1)m−1ei
∑m
k=1
θ(pj ,pk), (7.90)
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accounting for the total phase change incurred in scattering of particle at xj through
all the rest round the chain and returning to its original position. For considering
the thermodynamic limit it is convenient to take first the logarithm of (7.90) to get
pjN = 2πQj + i
m∑
k=1
θ(pj, pk). (7.91)
where Qj = half integers for m even and integers for m odd. The expression for
θ(pj , pk) is given as (7.83,7.84) by replacing 1, 2 by j, k or equivalently as
θ(pj, pk) = 2 tan
−1
( −∆sin 1
2
(pj − pk)
cos 1
2
(pj + pk)−∆cos 12(pj − pk)
)
(7.92)
7.3.2 XXX spin-1
2
chain
All the formulas for solving the isotropic spin model can be derived easily by just
putting the anisotropy parameter ∆ = 1 in the above equations. This simplifies
considerably the corresponding expressions giving for example
Exxxm = 2
m∑
j=1
(1− cos pj), θxxx(pj , pk) = 2 tan−1 1
2
(
cot
1
2
pk − cot 1
2
pj
)
(7.93)
etc. with the same ansatz (7.88) together with (7.89).
7.4 Interrelation between algebraic and coordinate Bethe
ansatzes
Though the ABA and the CBA differ considerably in their approaches, with ABA
dealing with global objects having more universal and model-independent formula-
tions, while CBA being concerned with concrete Hamiltonians and their local actions,
there exist also intimate connections between them. Though the above results ob-
tained for the same models using both the methods look different, we intend to show
here their equivalence basically through a change in variables. Indeed the spectral
parameter related rapidity variables λj involved in the ABA may be linked to the
momentum parameters pj of the CBA by the relation
eipj = f(λj) ≡ a(λj)
b(λj)
=
sin(λj +
η
2
)
sin(λj − η2 )
, (7.94)
for the trigonometric models like XXZ spin−1
2
chain. Similarly for the rational
models like spin−1
2
XXX chain, one gets the relation eipj = f(λj) =
λj+
i
2
λj−
i
2
or more
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simply as λj =
1
2
cot pj
2
. With mapping (7.94) between the variables we derive from
(7.92) interesting relations for the scattering amplitudes as
eiθ(pj ,pk) = − sin(λj − λk +
η
2
)
sin(λj − λk − η2 )
, and eiθ(pj ,pk) = −λj − λk +
η
2
λj − λk − η2
(7.95)
forXXZ andXXX models, respectively. concluding in general eiθ(pj ,pk) = −f(λj−λk)
f(λk−λj)
.
Note the remarkable fact, that the scattering amplitude becomes a function only of
the differences in the rapidity variables λj and is linked with the function f(λ−µ) of
the R-matrix. Therefore function f , which is also relevant for the eigenvalue problem,
is the most important element in the R-matrix.
Using the basic relationship (7.94) between the variables, we can easily verify
the equivalence between the eigenvalues (7.19) and (7.87) obtained for the same
XXZ model through ABA and CBA methods, respectively. Similarly one checks
the equivalence between (7.22) and (7.93) for the XXX model, which also gives a
closed relation Exxxm = −
∑m
j=1
dpj
dλj
. Using the relationship (7.94), (7.95) we establish
the intriguing fact that the Bethe equation (7.16) imposed in the ABA approach for
eliminating unwanted terms by using an involved argument of vanishing residues for
the eigenvalue Λ(λ) of the transfer matrix, coincides exactly with condition (7.90),
obtained in CBA as a consequence of the periodic boundary condition.
The Nested Bethe ansatz applicable for systems with internal degrees has been
described above in the ABA formulation. CBA approach can also be formulated
similarly for such systems. We consider below such an example, where the Hubbard
model is solved through CBA. The ABA treatment of this model remained unclear
until very recently [120].
7.5 Hubbard model
One dimensional Hubbard model is an integrable system, for which R-matrix , Yang-
Baxter equation and even ABA formulation is now available [122, 121, 120]. We
have constructed the Hamiltonian (6.28) of the Hubbard model starting from its
Lax operator in sect. 6 . Our aim here is to present in brief its eigenvalue solution
through CBA [123, 53] mainly to demonstrate the applicability of this method also
to the systems with internal degrees of freedom.
The model is described conventionally by the Hamiltonian
Hhub =
N∑
i
(
t
∑
σ=±
c†σicσi+1 + c
†
σicσi−1 + U n+in−i
)
(7.96)
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with fermionic creation and annihilation operators c†σi, cσi and the number operators
nσi = c
†
σi, cσi with spin projections σ = ±. The equivalence of (7.96) (scale it by t and
put t = −1) and the Hamiltonian (6.28) constructed before can be shown through
the Jordan-Wigner transformation (6.23).
Eigenfunctions for the Hubbard model may be chosen similar to the above CBA
ansatz. However we notice, that in constructing the m = 2 case due to the internal
indices σ, the states | Ψ12(x1 < x2) > and | Ψ21(x1 > x2) > unlike the above
description correspond now to two independent solutions. This is because together
with coordinates the corresponding internal indices also get permuted. Therefore we
have to keep track of both the corresponding functions in the eigenvalue equation.
Considering first the nonnearest neighbor situation x1+1 < x2, when the interacting
U term does not play any role, we obtain
−(Ψ12(x1−1, x2)+Ψ12(x1+1, x2)+Ψ12(x1, x2−1)+Ψ12(x1, x2+1)) = E2Ψ12(x1, x2)
(7.97)
and a similar equation for Ψ21. Note that the equation coincides with (7.78) for ∆ = 0.
This may be explained by the fact that the action of hxy from the spin Hamiltonian
is the same as the Hhub with U = 0 (their operator equivalence can be shown through
the Jordan-Wigner transformation [122].
The case x2 = x1 = x invokes the interacting term and mixes the Ψ-functions to
yield
−(Ψ12(x−1, x)+Ψ21(x+1, x)+Ψ21(x, x−1)+Ψ12(x, x+1))+U Ψ12(x, x) = E2Ψ12(x, x).
(7.98)
Both the functions and Ψ21(x, y) arise here depending obn the situation x ≤ y
or x ≥ y and the consistency demands
Ψ12(x, x) = Ψ21(x, x). (7.99)
Repeating the CBA argument described before, we put coinciding x′s in (7.97) and
take its difference from (7.98) to get
−(Ψ12(x+1, x)+Ψ12(x, x−1))+Ψ21(x+1, x)+Ψ21(x, x−1)−U Ψ12(x, x) = 0. (7.100)
In analogy with (7.81) we make the ansatz
Ψ12(x1, x2) = A12(p1p2)e
i(p1x1+p2x2) + A12(p2p1)e
i(p2x1+p1x2) (7.101)
for Ψ12 and similarly for Ψ21, with the corresponding coefficients taken as A21(p2p1)
and A21(p1p2). The energy spectrum can be derived from (7.97) as E
hub
2 =
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−2∑2j=1(cos pj), with obvious coincidence with (7.82) for ∆ = 0. The ansatz
also extracts from (7.99) the relation A12(p1p2)−A12(p2p1) = A21(p2p1)− A21(p1p2)
and using it derives from (7.100) the important interrelation between the coefficients
Aσ1σ2(p2p1) =
∑
σ′1σ
′
2
S
σ2σ′1
σ1σ′2
(p1p2)Aσ′1σ′2(p1p2) (7.102)
where the scattering matrix may be written in the operator form
S12(λ)|λ=λ01−λ02 = g(λ)(λ+ i
U
2
P12)|λ=λ01−λ02 (7.103)
with the notation λ0j = sin pj and g(λ) = (λ+ i
U
2
)−1
The periodic boundary condition Ψ12(x1, x2) = Ψ21(x1 +N, x2) induces addition-
ally the relations like eip2NA21(p1p2) = A12(p2p1) =
∑
σ′1σ
′
2
S
2σ′1
1σ′2
(p1p2)Aσ′1σ′2(p1p2),
which should be diagonalized to determine the equations for pj ’s. Note that the S-
matrix is exactly like the rational R-matrix (7.3) or the Lax operator Ljk(λ) |λ=(λ0
j
−λ0
k
associated with the XXX spin-1
2
chain.
For the general m-particle excitations, since the scattering matrix is factorized
into the two-particle matrices as described above, the periodic boundary condition
gives the operator form eipjNA(I) = TjA(I) where Tj =
∏n
k 6=j Ljk(λ
0
j − λ0k) posing
the problem of diagonalizing the transfer matrix Tj = T (λ = λ
0
j) of a inhomogeneous
XXX spin-1
2
chain, which however has already been solved. Therefore without re-
peatation we present the final result for determining {pj}, j = 1, . . . , n as
epjN =
n1∏
s=1
f(λs − λ0j),
n∏
l=1
f(λt − λ0l ) =
n1∏
s 6=t
f(λt − λs)
f(λs − λt) (7.104)
where λ0j ≡ sin pj and the function f is in our standard notation and given here by
f(λ) =
λ+iU
2
λ
.
8 Nonultralocal models and quantum integrabil-
ity
As we have mentioned, ultralocal systems received more attention and the integra-
bility theory is well established for them [16], while parallel progress has not been
achieved for nonultralocal models and the related theory is still in the stage of devel-
opment. However based on recent results [19, 21], some progress in formulating such
a scheme is reported in sect. 2 along with a list of nonultralocal models proposed in
different contexts, for which the scheme can be successfully applied.
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Recall that the basic equation representing integrability for nonultralocal models
is the braided QYBE (2.45) together with braiding relations (2.46-2.47), which lead
to the global equation (2.51). The underlying algebra is the braided or the quantized
braided algebra [35, 36, 37]. Our aim here is to focus on the concrete models listed
before and show how their basic equations can be derived from the general formulation
in a systematic way.
8.1 Braided Yang-Baxter equation for periodic models
For closer contact with the physical models we incorporate the periodic boundary con-
dition Laj+P (λ) = Laj(λ) and define the global monodromy matrix Ta(λ) ≡ T [N,1]a (λ)
for the closed chain with N sites. Notice now, that for deriving equation for the mon-
odromy matrix Ta(λ) along with (2.46,2.47) one requires also the braiding relation
like
Lbj(µ)Z˜
−1
ba Laj+1(λ) = Z˜
−1
ba Laj+1(λ)Z
−1
ab Lbj(µ)Z˜
−1
ba , (8.1)
since L at the extreme ends again become nearest neighbors due to the periodicity
L1(λ) = LN+1(λ). The compatibility of (8.1) with (2.46) demands the constraint
Z˜abZ˜ba = I putting some restriction on Z˜. Therefore one may continue the global-
ization beyond equation (2.51) repeating similar steps and using (2.46,2.47). Finally
at j = N applying (8.1), the braided QYBE for the monodromy matrix for periodic
models can be expressed as
R12(λ− µ)Z−121 T1(λ)Z−112 T2(µ) = Z−112 T2(µ)Z−121 T1(λ)R12(λ− µ). (8.2)
Note that the Z˜ matrix has disappeared from the equation.
8.2 Trace factorization and quantum integrability
For ensuring quantum integrability we need a commuting set of conserved quantities.
However by taking the trace of (8.2) we arrive at
tr12
(
Z−121 T1(u)Z
−1
12 T2(v)
)
= tr12
(
Z−112 T2(v)Z
−1
21 T1(u)
)
, (8.3)
which due to the appearance of Zab does not readily allow the trace factorization .
It is obvious that for Z ≡ I corresponding to the ultralocal models, the above trace
identity is trivially factorized proving the integrability. For tackling this problem for
general Z we consider the following factorization procedures.
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8.2.1 Factorization by k–trace
The procedure is based on the generalization [64, 19] of reflection–type algebras [63].
Let T (λ) satisfy the quadratic relation
A12(λ, µ)T1(λ)B12(λ, µ)T2(µ) = T2(µ)C12(λ, µ)T1(λ)D12(λ, µ)), (8.4)
and commute with [T1(λ), K2(µ)] = 0, where A,B,C,D are numerical matrices. Let
operator K be a realization of a similar algebra
A−t12 (λ, µ)K
t1
1 (λ)B˜12(λ, µ)K
t2
2 (µ) = K
t2
2 (µ)C˜12(λ, µ)K
t1
1 (λ)D
−t
12 (λ, µ) (8.5)
where
B˜12(λ, µ) = ((B
t1
12(λ, µ))
−1
)
t2
, A−t12 (λ, µ) = A
−t1t2
12 (λ, µ), C˜12(λ, µ) = ((C
t2
12(λ, µ))
−1
)
t1
.
(8.6)
Then it is not difficult to show by direct calculation, that the k–trace τ˜ (λ) =
tr(T˜ (λ)) = tr (K(λ)T (λ)) forms a commutative subalgebra
[τ˜(λ), τ˜(µ)] = 0.
We like to mention that the spectral parameter dependent braided extensions
of QYBE’s for nonultralocal models can be derived through Yang-Baxterization of
algebraic relations like braided FRT algebra etc. for R±q matrices satisfying Hecke
condition [21]. The procedure is similar to that of the ultralocal case presented in
sect. 4, only with the drawback that the spectral parameter dependence of the Z-
matrices can not be achieved in this way. The R(λ−µ)-matrices associated with the
nonultralocal models is the same (4.15) as for the ultralocal models, which with the
inclusion of the parameters ǫα = ±1 is given by
Rtrig(λ) =
∑
α,β
(sin λEαα ⊗ Eββ + ǫα sin(λ+ ǫαη)Eαα ⊗ Eαα + sin ηEαβ ⊗Eβα) .
(8.7)
All the models discussed below are associated with this trigonometric R(λ)-matrix
or its rational form at at q → 1. The standard form (with all ǫ = +1) is the most
used one, while the nonstandard solutions (with some ǫ = −1) are needed usually for
the SUSY models. Such R-matrices exhibit the symmetry
[R12(u), s1s2] = 0, s =
∑
α
eααφα. (8.8)
Therefore whenever s commutes with Z, along with the commuting traces trT˜ (λ)
the s-traces tr(sT˜ (λ)) also naturally represent a commuting family. This property
is used for example, in SUSY models for constructing conserved quantities, due to
physical reasons.
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8.2.2 Simplifying ansatzes for Z
For deriving commuting transfer matrices from (8.2), we notice by comparing with
(8.4) that
A12(λ, µ) = Z12R12(λ− µ)Z−121 , B = Z−1, C = Z−121 , D(λ, µ) = R(λ− µ).
For finding the operator K(λ), which commutes with T (λ) and satisfies (8.5), the
simplest possibility isK(λ) = k(λ)I, where k(λ) is a numerical matrix with constraint
k1(λ)Zˆ21k2(µ)Z12R12(λ− µ) = R12(λ− µ)k2(µ)Zˆ12k1(λ)Z21, (8.9)
where Zˆ = (((Z−1)t1)
−1
)
t1
. It is true that equation (8.9) determining the condition
for factorizability of traces is rather difficult to solve for general Z. Nevertheless,
for some special forms of the Z-matrix listed below, one gets Zˆ = Z simplifying the
equation. These forms for Z are
a) the diagonal form ,
b) factorized form: Z = A⊗B,
c) specifically chosen form as Z12 = I+
∑
iAi ⊗ Bi, (Bi)2 = 0,
d) Z chosen as rhe R-matrix: Z12 = R
+
q21,
e) Z expressed as Z12 = e
h
∑
i
Ai⊗Bi with arbitrary invertible matrices Ai, Bi.
It may be checked easily that for all the above ansatzes the condition Zˆ = Z holds
and (8.9) reduces to
R12(λ− µ)k2(µ)Z12k1(λ)Z21 = k1(λ)Z21k2(µ)Z12R12(λ− µ). (8.10)
Consequently any solution of k(λ) obtained from (8.10) for concrete R,Z related to
nonultralocal quantum models would lead to transfer matrices τ(λ) = Tr(k(λ)T (λ))
commuting for different λ and that confirms the integrability of the system.
8.2.3 Factorization by gauge transformation
As stated, the nonultrlocality may be acquired through gauge transformation, which
can be used for trace factorization. Let the transforming operator lˆ be a matrix of
operators acting in the Hilbert space and satisfy the relations
[R12(λ), lˆ1lˆ2] = 0, [lˆ1, lˆ2] = 0, Z
−1
21 T1 = lˆ2T1lˆ
−1
2 . (8.11)
Starting from (8.2) and using (8.11) the factors Z−1ba Ta, a, b = 1, 2 appearing in the
equation can be replaced by lˆbTa lˆ
−1
b . Multiplying from the right by lˆ1lˆ2 and from the
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left by its inverse and using further from (8.11) the commutation relations between
lˆa, R(λ) and between lˆa’s themselves we arrive at
R12(λ− µ)lˆ−11 T1(λ)lˆ1 lˆ−12 T2(µ)lˆ2 = lˆ−12 T2(µ)lˆ2lˆ−11 T1(µ)lˆ1R12(λ− µ). (8.12)
One detects the appearance of gauge transformed monodromy matrices T˜ (λ) =
lˆ−1T (λ)lˆ and taking trace of (8.12) finds the required commutation relation
[trT˜ (λ), trT˜ (µ)] = 0.
8.3 Examples of nonultralocal models and their basic equa-
tions
We focus on the examples of nonultralocal models listed in sect. 2 and show that
the basic equations representing their quantum integrability can be obtained system-
atically from the set of relations (2.45-2.47), (8.2) etc. derived before from general
arguments. These examples involve either spectral parameter independent R± or the
spectral dependent trigonometric matrix (8.7) or its rational limit. At the same time
they correspond also to different braiding, i.e. different choices for Z, Z˜ matrices.
Curiously most of these choices for the existing models agree with the above forms
of Z, proposed on the argument of simplicity.
8.3.1 Supersymmetric models
Quantum integrable supersymmetric (SUSY) theory [69, 113, 124] is possible to for-
mulate in a convenient alternative way expressing the gradings in a matrix form [147].
We observe that such a formulation is in agreement with the framework of nonul-
tralocal models for the choice of homogeneous braiding Z = Z˜ = η with η as the
diagonal matrix
η12 =
∑
α,β
gαβeαα ⊗ eββ with gαβ = (−1)αˆβˆ. (8.13)
Here αˆ = 0(1) is the supersymmetric grading depending on the even (odd)-ness of
the indices. Due to the obvious property η12η21 = 1, we get from (8.10) k = 1 and
integrability follows from the commuting traces. However supertraces, obtained from
the s-traces (8.8) by choosing φα = (−1)αˆ are usually used for defining conserved
quantities for such models. The super QYBE’s for the SUSY models can be derived
from the general relations (2.45 ,8.2) as
R12(λ− µ)η12L1j(λ)η12L2j(µ) = η12L2j(µ)η12L1j(λ)R12(λ− µ) (8.14)
120
and
R12(λ− µ)η12T1(λ)η12T2(µ) = η12T2(µ)η12T1(λ)R12(λ− µ). (8.15)
On the other hand, the nonultralocal braiding (2.46,2.47) correspond to the super-
commutation relations
L2k(µ)η12L1j(λ) = η12L1j(λ)η12L2k(µ)η12 (8.16)
for k 6= j. For comparing with the conventional results on SUSY models, we express
the QYBE (8.14) and the braiding relation (8.16) in matrix elements to give
Rb1b2a1a2(λ−µ)(Lc1b1(λ))j(Lc2b2(µ))j(−1)bˆ2(bˆ1+cˆ1) = (−1)aˆ1(aˆ2+bˆ2)(Lb2a2(µ))j(Lb1a1(λ))jRc1c2b1b2(λ−µ)
(8.17)
and
(Lb2a2(λ))k(L
b1
a1
(µ))j = (−1)(aˆ1+bˆ1)(aˆ2+bˆ2)(Lb1a1(λ))j(Lb2a2(µ))k, (8.18)
respectively. Note that this reproduces exactly the results of [69, 113] and [124] with
R-matrix as rational (8.21) or the trigonometric solutions (8.7) of nonstandard type
with proper choice of ǫα = ±1 depending on the specific gradings.
8.3.2 Integrable anyonic models
Quantum integrable anyonic models (IAM) can be introduced by generalizing (8.13)
in the nonultralocal description of the SUSY models by choosing gαβ = e
iθ αˆβˆ,
where θ is the arbitrary anyonic phase and αˆ = 1 is the anyonic grading, while
αˆ = 0 gives bosonic commutations. For such a Z˜ = Z-matrix the braiding relation
describing commuting relations between Lax operator at different lattice sites k > j
is given by
La2b2(k)(µ)L
a1
b1(j)
(λ) = e−iθ(aˆ1−bˆ1)(aˆ2−bˆ2)La1b1(j)(λ)L
a2
b2(k)
(µ), (8.19)
with all matrix indices running from 1 to N = m+ n. The algebraic relations at the
same point l on the other hand are given by the corresponding braided QYBE
∑
{k}
Rk1k2a1a2(λ−µ)Lb1k1(l)(λ)Lb2k2(l)(µ)eiθkˆ2(bˆ1−kˆ1) =
∑
{k′}
eiθaˆ1(kˆ
′
2−aˆ2)L
k′2
a2(l)
(µ)L
k′1
a1(l)
(λ)Rb1b2k′1k′2
(λ−µ),
(8.20)
The quantum R-matrix may be chosen in the trigonometric form (8.7) or as its
rational limit
R12(λ) = t12λ+
h¯
2
P12, (8.21)
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where P is the permutation matrix and t = I for the standard and t12 = η12 for the
nonstandard solutions. The consistency equations for Z and R matrices obviously
hold for all these solutions. A possible Lax operator of the anyonic model may be
proposed as
Lba(l)(λ) = λδab p
0(l)
b +
h¯
2
eiθ(aˆbˆ)p
(l)
ba . (8.22)
Using rational R-matrix (8.21) one may derive from (8.20) and (8.19) the anyonic su-
per algebras by matching the coefficients of different powers of the spectral parameter
[21]. For standard and nonstandard solutions of R-matrix these algebras also differ.
They are nontrivial generalization of the well known graded super algebra [69], where
together with an anyonic parameter θ a set of additional N operators p0(l)a appear.
Nonstandard R-matrix and the choice θ = π recovers the known super algebra.
For constructing quantum integrable models involving m number of bosons b(k)a
and n number of anyons f (k)α , one may consider a realization of the generators as
p
(k)
ab = b
†(k)
a b
(k)
b , p
(k)
αa = f
+(k)
α b
(k)
a , p
(k)
aα = b
†(k)
a f
(k)
α , p
(k)
αβ = f
+(k)
α f
(k)
β . (8.23)
The bosons satisfy the standard commutation rules and commute with anyonic op-
erators, while the anyonic operators satisfy the commutation relations
f (k)α f
+(j)
β = e
iθ f
+(j)
β f
(k)
α , f
(k)
α f
(j)
β = e
−iθ f
(j)
β f
(k)
α , (8.24)
for k > j and
[p0(k)α , f
(j)
β ] = 0, f
(l)
α f
+(l)
β − eiθ f+(l)β f (l)α = δαβp0(l)α (8.25)
and
p0(l)α f
(l)
β = e
−iθ f
(l)
β p
0(l)
α , [f
(l)
α , f
(l)
β ] = 0, (8.26)
at the same lattice points. Note that these relations are consistent with the known
anyonic algebra [70], though defined in 1-dimension. Even though explicit construc-
tion of integrable anyonic model has not been achieved yet, Kundu-Eckhaus equation
considered below is however an interesting example of a similar realization. For dis-
cussion on various physical aspects of the anyon theory we refer to [125].
By choosing trigonometric R-matrix solution and the same Z-matrix, one may
obtain a q-deformed anyonic algebra [21], which represents a generalization of the
extended trigonometric Sklyanin algebra [27] to include anyonic parameter θ and
nonultralocal braiding.
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8.3.3 Integrable model on moduli space
In considering Hamiltonian Chern-Simons theory, moduli space of flat connections
on the Riemann surface with marked points appear. From monodromies of flat
connections along fundamental cycles of the Riemann surface an integrable model
may be constructed (listed as IMMS in sect. 2), with spectral parameter dependent
Lax operator [126]
Ln(λ) = K
n + λI. (8.27)
The Kn matrices are defined as
Kn = (L−1 )
−1 · · · (L−n−1)−1KnL−n−1 · · ·L−1 , (8.28)
by setting Ki = (L
−
i )
−1L+i , where L
± satisfy the FRT relations (3.76). Using the
definition (8.28) and the equations for L± the equations satisfied by the Lax operator
(8.27) can be shown [126, 127] to be
S(λ, µ)L1n(λ)R˜L2n(µ) = L2n(µ)RL1n(λ)S˜(λ, µ, ) (8.29)
where S˜(λ, µ) and S(λ, µ) = (R˜)−1S˜(λ, µ)R are solutions of YBE (2.13), along with
RL1m(λ)R
−1L2n(µ) = L2n(µ)RL1m(λ)R
−1, m > n (8.30)
These equations induce for the monodromy matrix T (λ) =
∏
i Li(λ) the relation
S(λ, µ)T1(λ)R˜ T2(µ) = T2(µ)RT1(λ)S˜(λ, µ) (8.31)
giving commuting transfer matrices
t(λ) = trq(T (λ)) = tr(MT (λ)), M = diag(q
−1, q) (8.32)
for different values of spectral parameters and thereby producing a family of conserved
operators in involution.
This model can be shown to be well described by the general nonultralocal theory
presented here, for which we identify S˜(λ, µ) as the trigonometric Rtrig(λ − µ) and
choose Z˜12 = Z
−1
21 = R12. This clearly rewrites the general BQYBE (2.45) into (8.29)
and the braiding relation (2.47) for different points into (8.30). The braided QYBE
(2.51) for the monodromy matrix related to nonperiodic models coincide therefore
with (8.31) recovering the earlier results. We discuss below examples of models, which
unlike the homogeneous long range nonultralocality allows braiding only with nearest-
neighbors. First we look into some models described by the spectral parameter
independent R-matrices with equations like (2.48) and related to the conformal field
theory, without any demand on trace factorization.
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8.3.4 Current algebra in WZWN model
The WZWN model is described by the unitary unimodular matrix-valued field
g(x, t) :M → su(2), M = S1×R1. Defining the chiral left current as L = 1
2
(J0+J1),
where Jµ = ∂µgg
−1, one gets the well known current algebra relation (2.52). Intro-
ducing ∂xu = Lu one can write the monodromy as ML = u(x)
−1u(x + 2π) and
the similar relations for the right current. With the aim of unraveling the quantum
group structure in WZWN model a discrete quantum version of the current algebra
was formulated in [61]. We demonstrate that the basic equations found in [61] can
be reproduced by choosing Z12 = R
+
q21 with Z˜ = 1 in the spectral parameterless limit
(2.48) of the braided equations as
R+q12(R
+
q12)
−1L+1jL
+
2j = (R
+
q12)
−1L+2jL
+
1j(R
+
q12),
which considering the relations R+q12 = (R
+
q¯12)
−1 = R−q¯21 with q¯ = q
−1 and Z−121 = R
+
q¯12
gives
R−q¯12L1jL2jR
+
q¯12 = L2jL1j , (8.33)
where we have suppressed the + symbol in Laj . Similarly the spectral independent
limit of the braiding relations for the present choice of Z, Z˜ reduce to
L2j+1R
+
q¯12L1j = L1jL2j+1, L2kL1j = L1jL2k (8.34)
for k > j+1. We observe that the nonultralocal relations (8.33-8.34) coincide exactly
with the current algebras obtained in [61]. Identifying further the chiral components
as uj = T
[j,1], we get from (2.51) a relation analogous to (8.33):
R+q¯12u1ju2jR
−
q¯12 = u2ju1j (8.35)
Since un = Ln . . . Lj+1uj, multiplying (8.35) from the left successively by
L2j+1, L2j+2, . . . L2n and using the braiding relations (8.34) we can derive from
(8.35) the algebra at n > j as
u1nu2jR
+
q¯12 = u2ju1n (8.36)
Similar exchange relations can also be derived for T
[j,k]
1 , T
[n,k]. For monodromy matrix
ML1 on the other hand, we rewrite equation (8.2) suitable for the periodic models:
ML1 (R
−
q¯12)
−1ML2 R
−
q¯12 = (R
+
q¯12)
−1ML2 R
+
q¯12M
L
1 (8.37)
We notice again that the relations (8.35-8.37) recover correctly the results of [61].
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It is checked easily, that the present Z12 = R
+
q21 satisfies the conditions (2.14) and
(2.49) for R12 = R
+
q12 and since it corresponds to the trace factorization case d), the
model might serve as a candidate for constructing nonultralocal quantum integrable
models. Moreover, if the long range braiding given by Z˜ is chosen nontrivially, it
might also lead to a generalization of the current algebra of the WZWN model.
8.3.5 Braided algebra
As described in sect. 3 the braided algebra (BA) may be given in the compact form
by the matrix relations (3.109,3.110), where the elements of the matrices T and T ′ are
two copies of the generators of BA. It is easily checked that by a homogeneous choice
for the braiding as Z12 = Z˜12 = R21, one can generate from the same spectralfree
BQYBE (2.48) the braided algebra relations (3.109,3.110).
8.3.6 Quantum group structure in Coulomb gas picture of CFT
The Coulomb gas picture of CFT (CG-CFT) is based on the Drinfeld-Sokolov linear
system [68] ∂Q = L(x)Q, given by the Lax operator (2.53) involving periodic field
P (x) with nonultralocal bracket. In [68] a lattice regularized description was given
at the quantum level. We show again that the same result can be obtained from
the general relations formulated here for the nonultralocal models at the spectralfree
limit considered in the above example.
We choose Z˜ = 1 with nontrivial braiding Z12 = q
∑
i
Hi⊗Hi , Hi = eii− ei+1i+1, in
agreement with simplification e), which reduces (8.9) to [R,C] = 0, C12 = Z
2
12k1k2.
Noticing that, Hi1 + Hi2 commutes with the parameterfree R
+
q -matrix, we may
extract a solution k = q
∑
i
H2
i , since C12 = Z
2
12k1k2 = q
∑
i
(Hi1+Hi2)2 . Defining
L˜aj = B
−1
a Laj , B = k
1
2 we can eliminate the Z dependence from the parameterless
BQYBE (2.48) yielding
R+12L˜1jL˜2j = L˜2jL˜1jR
+
12 (8.38)
The braiding relations on the other hand give
L˜2j+1A12L˜1j = L˜1jL˜2j+1, L˜2kL˜1j = L˜1jL˜2k, k > j + 1 (8.39)
where A12 ≡ Z−112 . These equations recover the related findings of [68], while their
algebras of monodromies can be found from (2.51) and (8.2) at the parameterfree
limit, by defining Qj ≡ B−1T [j,1] and S ≡ B−1T as
R+12Q1jQ2j = Q2jQ1jR
+
12 (8.40)
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and
R+12S1A12S2 = S2A12S1R
+
12. (8.41)
The following examples are of genuine integrable models with trigonometric or
rational R(λ)-matrix and spectral parameter dependent Lax operators.
8.3.7 Nonabelian Toda chain
NATC is a one-dimensional evolution model on a periodic lattice of N sites described
by the nonabelian matrix-valued operator gk ∈ GL(n). The model, representing a
discrete analog of principal chiral field, was set into the Yang-Baxter formalism in [66]
with the nonultralocal Lax operator (2.54). The associated R-matrix is the rational
solution R(λ) = ihP − λ with P = Π ⊗ π, where Π is a 4 × 4 and π a n2 × n2
permutation matrix. We show that the model can be described well by the general
formalism with the choice Z˜ = I and Z12 = 1+ ih(e22⊗ e12)⊗ π. This is an example
of models with acquired nonultralocality through gauge transformation. Using (2.54)
one shows that Z−121 L1N = lˆ2L1N lˆ
−1
2 with lˆ = diag(I, gN) and derives Z
−1
21 T1 = lˆ2T1lˆ
−1
2
and other conditions of (8.11). Therefore the quantum integrability of the model
follows from trace identity (8.12). With this input for R,Z, Z˜ our main formulas
(2.45, 8.2) recover the QYBE’s of [66], while the braiding relations are given by
L2j+1(µ)Z
−1
21 L1j(λ) = L1j(λ)L2j+1(µ), L2k(µ)L1j(λ) = L1j(λ)L2k(µ) (8.42)
for k > j + 1.
8.3.8 Nonultralocal quantum mapping
The quantum mapping [67] vj → v′j is related to the lattice version of the KdV type
equation
v′2j−1 = v2j , v
′
2j = v2j+1
ǫδ
v2j
− ǫδ
v2j+2
,
N+1∑
j=1
v2j =
N∑
j=0
v2j+1 = c. (8.43)
The generalization of integrable NQM is associated with the Lax operator Ln =
V2nV2n−1, with Vn(λ) (2.55) involving hermitian nonultralocal operators vi,j (2.56).
The R(λ)-matrix is given by the rational solution
R12(λ1 − λ2) = I + hP12
λ1 − λ2 (8.44)
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with the braiding
Z12(λ2) = S12(λ2)
−1 = 1+
h
λ2
N−1∑
α
eNα ⊗ eαN (8.45)
and similarly for Z21(λ1) along with the choice Z˜ = 1. This is an interesting example
for the nonultralocal scheme, since it is the only model where the braiding matrices
are spectral parameter dependent. We can see that the choice coincides with the
simplifying ansatz c) presented above and therefore trace factorization is possible with
k = 1. Consequently trT (λ) constitutes the commuting family along with tr(sT ),
where sa = diag(1, 1+
h
λa
) [67]. We should stress here on a subtlety indicated in sect.
2, that the present Z12(λ2) does not satisfy the standard YBE (2.13), while the same
equation holds for the matrix R˜12(λ1, λ2) = (S12(λ2))
−1R12(λ1 − λ2)S21(λ1) .
Putting Z˜ = 1 in the braided QYBE’s (2.45) and introducing R˜(λ1, λ2), we derive
therefore
R˜12(λ1, λ2)L1j(λ1)L2j(λ2) = L2j(λ2)L1j(λ1)R12(λ1 − λ2), (8.46)
and from the braiding relations (2.46-2.47) the nonultralocal condition
L2j+1(λ2)S21(λ1)L1j(λ1) = L1j(λ1)L2j+1(λ2) (8.47)
and the trivial commutation L2k(λ2)L1j(λ1) = L1j(λ1)L2k(λ2), for k > j + 1.
The equation for the monodromy matrix with the periodic boundary condition
can similarly be obtained from (8.2) in the form
R˜12(λ1 − λ2)T1(λ1)S12(λ2)T2(λ2) = T2(λ2)S21(λ1)T1(λ1)R12(λ1 − λ2) (8.48)
Thus all the basic equations of NQM ([67]) can be obtained systematically from the
general nonultralocal scheme.
8.3.9 Reflection equation
The reflection equation (RE) due to [63] can also be derived from the nonultralocal
point of view, by considering a monodromy matrix arranged as T˜ (λ) =
∏2N
j L˜j(λ)
such that
L˜j(λ) =

Lj−N(λ) for j > N
K−(λ) for j = N
L−1N−j(−λ) for j < N
(8.49)
with Lj(λ) being any ultralocal Lax operator. As a result the local QYBE becomes
the standard one: R12(λ − µ)L˜1j(λ)L˜2j(µ) = L˜2j(µ)L˜1j(λ)R12(λ − µ) with the
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braiding
L˜2(2N−j)(µ)R12(λ+ µ)L˜1(j+1)(λ) = L˜1(j+1)(λ)R12(λ+ µ)L˜2(2N−j)(µ). (8.50)
Due to the braiding relation (8.50) and the equation for K−(λ):
R12(λ− µ)K−1 (λ)R12(λ+ µ)K−2 (µ) = K−2 (µ)R12(λ+ µ)K−1 (λ)R12(λ− µ), (8.51)
the global QYBE takes the form
R12(λ− µ)T˜1(λ)R12(λ+ µ)T˜2(µ) = T˜2(µ)R12(λ+ µ)T˜1(λ)R12(λ− µ), (8.52)
and recovers the reflection equation of [63]. It is interesting to note that, though it
refers to a braiding different from that considered here, the choice Z = 1, Z˜12 = Z˜21 =
R12(u1 + u2), with symmetric R-matrices derives formally the reflection equation
(8.52) from BQYBE (2.51).
8.3.10 Kundu-Eckhaus equation
Higher order nonlinear equation KEE (2.60) can be derived from the NLS equation
by gauge transformation [87]. However the quantum model becomes nonultralocal
with the field ψ˜n = An+1ψnAn, An = e
−iθ∆
∑n
i=1
(ψ˜†
i
ψ˜i) exhibiting anyon like algebra
ψ˜nψ˜m = e
2iθψ˜mψ˜n, for n > m+ 1, ψ˜m+1ψ˜m = e
iθψ˜mψ˜m+1 (8.53)
along with the standard relation [ψ˜n, ψ˜
†
n] =
h¯
∆
at the same point. Note that the
braiding relations are inhomogeneous and different from the pure anyonic relations.
The lattice regularization of the Lax operator (2.61) can be obtained as Ln =
hn+1L
(lnls)
n h
−1
n by considering the gauge transformation hn = A
σ3
n over the lattice
NLS Lax operator L(lnls)n (2.39).
Using the commutation relations of ψ˜n the braiding relations can be derived as
L2j+1(µ)L1j(λ) = L1j(λ)Z12L2j+1(µ)Z
−1
12 , L2k(µ)Z
−1
12 L1j(λ) = Z
−1
12 L1j(λ)Z12L2k(µ)Z
−1
12
(8.54)
with k > j + 1 and the braiding matrix Z12 = Z21 = diag(e
iθ, 1, 1, eiθ). For periodic
BC on ψn, the KEE model does not show periodicity :LN+1 = h
−1
N+1L1hN and we
have ψ˜N ψ˜1 = e
3iθψ˜1ψ˜N giving
L2N (µ)Z
−1
12 L11(λ) = Z
−2
12 L11(λ)Z
2
12L2N (µ)Z
−1
12 . (8.55)
The braided QYBE with rational R(λ)-matrix has the simple form
R12(λ− µ)L1j(λ)L2j(µ) = L2j(µ)L1j(λ)R12(λ− µ), (8.56)
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since [R(λ), Z] = 0. Observe that the braiding for this model, differs from the types
assumed for the nonultralocal scheme. Since the braiding in general can be widely
different, certain cases naturally might go beyond any particular class of choice and
should be treated individually. The KEE model due to peculiar inhomogeneous braid-
ing also gives trouble in achieving trace factorization. By defining the monodromy
matrix in a special way T (λ) = LN(λ) . . . L2(λ)L˜1(λ), where L˜1(λ) = Z
−1L1(λ)Z
one may derive the global BQYBE
R(λ− µ)T (λ)ZT (µ) = T (µ)ZT (λ)R(λ− µ). (8.57)
However, since T ≡ T12 is defined now in both the auxiliary spaces, it is difficult to
factorize the trace in tr(T (λ)ZT (µ)) = tr(T (µ)ZT (λ)), obtained from (8.57).
8.3.11 Quantum mKdV model
Modified KdV equation is a well known classical integrable system [13] with wide
range of applications [128]. The quantum mKdV (QMKD) model is important for
its relation with the conformal field theory [75]. However, due to its nonultralocal
algebraic structure {v(x), v(y)} = ∓2δ′(x− y) the quantum generalization of the
model could not be done through standard QISM [16], but was achieved following
the scheme for quantum nonultralocal models [65] and presented here .
A lattice regularized Lax operator involving a single field [129] had a problem
of mismatching the number of fields, which was overcome by introducing the Lax
operator [65]
Lk(ξ) =
 (W−k )−1 i∆ξW+k
−i∆ξ(W+k )−1 W−k
 , (8.58)
with two different quantum operators W±k = e
iv±
j . The operators iv±j satisfy nonul-
tralocal commutators
[v±k , v
±
l ] = ∓iγ
h¯
2
(δk−1,l − δk,l−1), (8.59)
and
[v+k , v
−
l ] = iγ
h¯
2
(δk−1,l − 2δk,l + δk,l−1) (8.60)
which go at the continuum limit ∆→ 0, to
[v±(x), v±(y)] = ±iγ h¯
2
(δx(x− y)− δy(x− y)) = ±iγh¯δ′(x− y) (8.61)
with discrete operators v±k turning to the quantum field ∆v
±(x) and ∂k
δkl
∆2
→ δx(x−y).
The reduction of operators W±j ≈ I + i∆v±(x) at the continuum limit yields from
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(8.58) Lk(v
−, v+, ξ)→ I+∆L(v−, ξ)+O(∆2(v+)), where L(v−, ξ) given by (2.57)
is linked to the well known mkdv Lax operator [13] as σ1L(v−, ξ) = U(v(x), ξ) . It
is remarkable that, though the lattice Lax operator (8.58) contains both v± variables
having nontrivial commutation relation (8.60), dependence of one of them drops out
from the continuum Lax operator (in the present case it is v+).
Inserting the lattice Lax operator (8.58) in the braiding relations (2.46,2.47)
and using commutators (8.59,8.60), we derive the matrices Z12 = Z21 =
q−σ
3⊗σ3 and Z˜ = I. Plugging the Z-matrices in (2.45) one finds that the R(λ)-
matrix of the lattice mKdV model is the same trigonometric solution related to the
XXZ-spin chain. Since this R(λ)-matrix commutes with the present Z, the braided
QYBE’s simplify to
R12(λ− µ)L1j(λ)L2j(µ) = L2j(µ)L1j(λ)R12(λ− µ) (8.62)
and
R12(λ− µ)T1(λ)Z−112 T2(µ) = T2(µ)Z−112 T1(λ)R12(λ− µ), (8.63)
for the periodic case.
For identifying conserved quantities from (8.2), one finds easily that the k = 1
is a trace factorization solution giving [trT (λ), trT (µ)] = 0 . Similarly due to
[R12, s1s2] = 0, the s-trace τq(λ) = tr(sT (λ)) = q
−κ
2A(λ)+q
κ
2D(λ) with s = q−
κ
2
σ3 ,
also generates the commuting family of conserved quantities. Exact solution of the
eigenvalue problem of this model will be considered below. Recently some other forms
of quantum lattice KdV model have also been investigated in a different way [84, 86].
Thus we have seen that nonultralocal quantum models proposed in different con-
texts at different times and solved in individual ways, can be unified under one
scheme. All their basic equations can be derived systematically starting from the
same braided QYBE and the related braiding relations for different choices of Z, Z˜
and R-matrices (see fig. 8.1). Therefore, much in parallel to the QYBE for the
ultralocal models, its braided extensions can be considered to be some representing
universal equations for describing integrable nonultralocal models of certain class.
8.4 Algebraic Bethe ansatz solution for the quantum mKdV
model
To demonstrate that the Bethe ansatz technique described in sect. 7 is applicable also
to nonultralocal quantum models, we present here the ABA scheme for the quantum
mKdV model [65]. For solving exactly the related eigenvalue problem (7.4) including
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that of its energy spectrum, one has to follow the standard ABA formulation, keeping
simultaneously the track of nonultralocal signatures. For calculating the eigenvalue
of the transfer matrix (7.13), the eigenvectors are taken in the usual form (7.6), while
the commutation relations of A(λ) and D(λ) with B(µ) should be obtained now from
the braided QYBE (8.63) using R,Z-matrices as
A(λ)B(µ) = q−2f(µ− λ)B(µ)A(λ)− q−2f˜(µ− λ)A(µ)B(λ)
D(λ)B(µ) = q2f(λ− µ)B(µ)D(λ)− q2f˜(λ− µ)D(µ)B(λ), (8.64)
where the factors coming from the R-matrix are f(λ− µ) = sin(λ−µ+h¯γ)
sin(λ−µ)
and f˜(λ −
µ) = sin h¯γ
sin(λ−µ)
. Note that the multiplicative factors q±2 appearing in (8.64) are the
contribution of Z due to nonultralocality.
It is evident from the form of Lk (8.58), that like the case of SG or Liouville model
(7.53), instead of a single Lax operator one has to use Lˆk = LkLk+1 for constructing
the pseudovacuum. This gives the pseudovacuum [65] as
| 0 >=
N∏
(k+1
2
=1)
| 0 >k, | 0 >k= δ(W+k+1 − qW+k )δ(W−k+1 + (W−k )−1). (8.65)
and from the action of Lˆk | 0 >k,
α(λ) = 2iei(λ+
γh¯
2
) sin(λ+
γh¯
2
), ∆ξ = eiλ (8.66)
and
β(λ) = 2iei(λ−
γh¯
2
) sin(λ− γh¯
2
). (8.67)
Similarly one derives the crucial triangular form for the Lax operator acting on the
pseudovacuum due to Lˆk | 0 >k= 0. In analogy with the standard ABA, the eigen-
value problem (7.13) for the mKdV model may therefore be solved by following the
relations (7.11,7.12, 7.14) and using (8.64,7.15) as the s-trace
Λ(λ) = q−
κ
2α(λ)N
∏
j
(
q−2f(λj − λ)
)
+ q
κ
2 β(λ)N
∏
j
(
q2f(λ− λj)
)
= 2ieiλ[q
−κ
2
+N
2
−2m sinN (λ+
γh¯
2
)
m∏
j=1
sin(λ− λj − γh¯)
sin(λ− λj)
+ q−(−
κ
2
+N
2
−2m) sinN (λ− γh¯
2
)
m∏
j=1
sin(λ− λj + γh¯)
sin(λ− λj) ]. (8.68)
The energy eigenvalue can be obtained by expanding (8.68) in the spectral parameter
and considering C−3 = H as the Hamiltonian of the model. The determining equation
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for the rapidity parameters λj may be obtained from the vanishing residue condition
of the eigenvalue equation (8.68) in analogy with the standard Bethe equation (7.16)
as
q−κ+N−4m
(
sin(λ+ γh¯
2
)
sin(λ− γh¯
2
)
)N
=
m∏
j 6=k
(
sin(λ− λj + γh¯)
sin(λ− λj − γh¯
)
(8.69)
Remarkably, these results for the quantum mKdV model, apart from an extra q
factor, coincide exactly with the XXZ spin-1
2
chain. It is true however that, unlike
XXZ the Hamiltonian of the mKdV model is H = C−3 and moreover one has to
consider also the continuum limit for the mKdV field model.
fig.8.1
Figure 8.1 Classification of the nonultralocal models of spectral parameter de-
pendent or independent types belonging to trigonometric and rational classes along
with the respective choices for Z and Z˜ matrices.
9 Recent progress and unsolved problems
We briefly touch here on some recent progress in the fields related to the quantum
integrable system or influenced by it, which can be followed from the material pre-
sented in the review. We also indicate for each topic some unsolved problems, which
are either long-standing problems or have been opened up along with the recent
development of the subject.
9.1 Higher rank generalization of the ETSA and construc-
tion of multicomponent models
We have seen in sect. 5 that through different realizations of ETSA wider class
of models can be reached, than those constructed from the quantum algebra. The
Uq(sl(n+1)) algebra on the other hand has been shown to generate multicomponent
discrete Toda field models. Therefore, it may be hoped that the higher rank general-
ization of the ETSA would lead to multicomponent models with richer structure of
their Lax operators.
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Such a generalized ancestor Lax operator related to the trigonometric Rtrig(λ)-
matrix (4.15) was constructed in [33] in the form
Lm−anc(ξ) =
N∑
k
(
1
ξ
τ+k ξ τ
−
k ) Ekk +
N∑
k,l
1
ξ
τlk Ekl + ξ τkl Elk. (9.1)
τ±k , τkl are generators of the higher rank ETSA given by the relations
τ±k τkl = e
±iα τklτ
±
k , τ
±
k τlk = e
∓iα τlkτ
±
k ,
[τkl , τlk ] = 2i sinα ( τ
−
k τ
+
l − τ+k τ−l ) , (9.2)
for all different k, l,m, n indices. The diagonally placed operators τ±k commute
among themselves in addition to
[ τ±k , τlm] = 0 , τklτkm = e
iǫα τkmτkl , τklτml = e
−iǫα τmlτkl ,
[ τmk , τkl ] = 2i ǫ sinα τk
(ǫ)τml , (9.3)
where ǫ = sign(k − l) + sign(l −m) + sign(m− k) , τ (ǫ)k = τ±k for ǫ = ± 1
and
[ τkl , τmn ] = 2i ρ sinα τmlτkn , (9.4)
with ρ = +1 for l > n > k > m ( and all its cyclic inequalities ), while ρ = −1
for the reverse inequalities and ρ = 0 , otherwise.
It may be noted that the above relations are the generalization of the ETSA
(5.2) and reduce to it at N = 2 . On the other hand for a symmetric reduction
through generators of the quantum algebra, (9.1) reduces clearly to (4.16) producing
generalized spin model and Toda field model. Therefore as descendants of (9.1) and
its multiparameter generalization one can expect to generate models with asymmetric
form of their Lax operators like multicomponent DNLS, MTM, RTC, ALM etc.
At the limit q → 1, (9.1) reduces to
L =
N∑
l
(K+l +
iλ
κ
K−l )Ell +
N∑
j 6=l
KljEjl, (9.5)
and is associated with the rational (N2 × N2) R-matrix (4.32). The operators K
satisfy the algebra
[Kmk, Kkl] = K
−
k Kml, [Kkl, Klk] = K
+
k K
−
l −K−k K+l ,
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[K+k , Kkl] = KklK
−
k , [K
+
k , Klk] = −KlkK−k , (9.6)
along with [K+k , Klm] = [Kkl, Kkm] = Kkl, Kml] = [Kkl, Kmn] = 0, where K
−
k com-
mute with all other generators and K±l form an abelian subalgebra. Notice that (9.6)
is an higher rank generalization of (5.52) and recovers the known sl(N) at particular
symmetric reduction.
Different bosonic realizations of this algebra and its multiparameter extensions
should be able to generate from (9.5) quantum integrable models like multipar-
ticle Toda chain or Toda chain like models, as well as the vector generalization
of the SLNLS, generically not exhibiting unitary symmetry. Let us take up the
last example [52], where through a set of independent bosonic operators with
[ψl, φk] = δlk, [ψl, ψk] = [φl, φk] = 0, the algebra (9.6) may be realized as
K−1 = −1, K+1 =
∑
j
φjψj , K
+
i = 1ii, K
−
i = 0, (i = 2, · · · , N)
K1j = ψj ≡ ~ψ, Kj1 = φj ≡ ~φt, Kij = 0, 1 < (i, j) ≤ N. (9.7)
The corresponding Lax operator (9.5) then reads
L(λ) =
 − iλκ + (~φ · ~ψ) ~φ
~ψt I
 , (9.8)
which represents a simple lattice version of the vector NLS model, generalizing (2.40)
to the vector case.
It would be fruitful to construct and analyze the algebraic structures of the various
quantum integrable multicomponent models through higher rank ETSA and solve
them through the nested Bethe ansatz. The quantum Dodd–Bullough–Mikhailov
model [130] might be a good candidate for such analysis.
9.2 Integrable model with ladder symmetry
The ladder symmetric models are of immense current interest due to their possible
connection with the high TC superconductivity [149]. Theoretical models with ladder
symmetry exhibiting quantum integrability can also be introduced [77]. The idea of
constructing XXX spin-1
2
chain with inhomogeneity and its Bethe ansatz solution
(described earlier), can be extended to the tensor product of similar Lax operators:
Lab(λ) = Lb1(λ+ η)Lb2(λ)La1(λ)La2(λ− η), (9.9)
where L12(λ) =
λ−iP12
λ−i
is equivalent to Rrat(λ) (4.32) associated with the XXX chain.
Using now the method of Hamiltonian construction of sect. 6 and noticing that
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Lab(0) = R
+
b2iPb2i+1Pa2iR
−
a2i+1, where R
±
b2i = Rb2i(±η), we arrive at the Hamiltonian
H = (i)
∑
i,ǫ=+,−
Rǫ
′
2i,2i+ǫ1(R
ǫ)−12i,2i+ǫ1 + (R
ǫ)2i,2i+ǫ1R
′
2i,2i+ǫ1P2i,2i+ǫ1(R
ǫ)−12i,2i+ǫ1
= J1
∑
i
(~S2i−1~S2i + ~S2i~S2i+1) + J2
∑
i
(~S2i−1~S2i+1 + ~S2i~S2i+2)
+ J3
∑
i
(~S2i(~S2i+1 × ~S2i+2) + ~S2i−1(~S2i+1 × ~S2i) (9.10)
where J1 =
1
1+η2
, J2 = η
2J1, J3 = −2ηJ1 . Note that the lattice on which the above
Hamiltonian is defined has ladder symmetric form, which has important physical
consequences [149] (see fig. 9.1a,b).
The QYBE for Tab = Tb(λ + η)Ta(λ), where Ta(λ) is the monodromy matrix of
the inhomogeneous model constructed from the Lax operators
Rai(λ) = Ra2i(λ)Ra2i+1(λ− η) (9.11)
yields trab(Tab(λ)) = t(λ+η)t(λ) commuting for different λ, where t(λ) = tr(Ta(λ)) in
turn is the commuting transfer matrix of the inhomogeneous XXX chain. Therefore
the eigenvalue of tab | m >= Λ(λ) | m > is given by Λ(λ) = Λ0(λ + η)Λ0(λ),
where Λ0(λ) is the eigenvalue of t(λ). Due to the tensor product structure of the
Lax operator (9.11) the results for the standard XXX spin chain (7.20, 7.21) are
generalized to the expression
Λ0(λ) =
m∏
j=1
λj − λ+ i2
λj − λ− i2
+ βN(λ)
m∏
j=1
λ− λj + 3i2
λ− λj + i2
(9.12)
for the eigenvalue along with the Bethe equation
(β(λj − i
2
))N =
m∏
j 6=k
λj − λk − i
λj − λk + i , (9.13)
where β(λ) =
(
λ
λ+i
) (
λ−η
λ−η+i
)
. As a result similar to (7.22) we obtain the excitation
spectrum Em = i
∂
∂λ
ln Λ(λ) |λ=0= ∑j e0(λj) + e0(λj + η), where e0(λj) = − 1λ2
j
+ 1
4
.
The thermodynamic limit of the result and other details can be found in [77]
This two-chain ladder model can be generalized to arbitrary k-chains. It is conjec-
tured that the ladder models with even (odd) number of chains must show presence
(absence) of mass gap in their excited spectra. Whether such integrable ladder models
can throw any light on this conjecture is an important open problem.
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9.3 Elliptic quantum group
The quantum group associated with the trigonometric R-matrix and generated by the
QYBE (2.9) has been discussed in detail in this review. In recent years there are some
results to extend this notion to the elliptic case [78]. Such an algebra Ak,q(gl(2))
may be generated by an extension of the QYBE as
R+12(ξ1/ξ2)L1(ξ1)L2(ξ2) = L2(ξ2) L1(ξ1)R
∗+
12 (ξ1/ξ2), (9.14)
where the quantum indices of L are suppressed, R∗+(ξ) = R+(ξ, k∗
1
2 , q
1
2 ), k∗
1
2 =
k
1
2 q−c with R+12(ξ) being the elliptic solutions like (3.62). The complex parameters
k∗
1
2 , q
1
2 and ξ may be interpreted as the elliptic nome, the deforming parameter and
the spectral parameter, respectively. Here for the central element q−c = q−l , the
algebra is called level l-algebra with its simplest representation having l = 0. Impos-
ing the constraint on quantum determinant detqL(ξ) = q
c
2 the algebra Ak,q(sl(2))
may be obtained. Note that in contrast to (2.9) the relation (9.14) contains two dif-
ferent R,R∗-matrices, which makes the introduction of the coproduct structure and
hence the Hopf algebra difficult. For obtaining the algebra from (9.14) (for details
see [78]) the matrix elements Lǫǫ′(ξ), ǫǫ
′ = (++), (−−), (+−), (−+) of L(ξ) should
be expanded as Lǫǫ′(ξ) =
∑
n∈Z Lǫǫ′,nξ
−n . Unlike the trigonometric case this gives
expansion like
L+(ξ) ≡ L(q c2 ξ) = · · ·+ k 12 L+1 ξ−1 + L+0 ξ0 + L+−1ξ + · · · (9.15)
mixing both +ve and −ve powers of ξ and similarly for L−(ξ).
At k → 0, the elliptic Rellip → trigonometric Rtrig matrix and L+(ξ) , as seen from
(9.15), contains only +ve powers of ξ. (Similarly L−(ξ). contains only −ve powers).
Consequently the elliptic quantum group reduces to the well known trigonometric
quantum group.
Discovering the universal R-matrix for the elliptic quantum group, establishing
its Hopf algebra structure and finding its relation with the quadratic Sklyanin algebra
discussed in sect. 3 are some challenging open problems. It would also be interesting
to find physically relevant integrable ultralocal and nonultralocal models related to
such elliptic algebra in the spirit of the present review.
9.4 Coupled spin chain and extended Hubbard model
Using the idea of twisting (4.28), one can construct an integrable coupled spin chain,
starting from noninteracting spin chains as
L(σ, τ | λ) = F (σ, τ) (Lxxz(σ | λ)⊗ Lxxz(τ | λ))F (σ, τ). (9.16)
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Here Lxxz(σ | λ) and Lxxz(τ | λ) are related to the independent spin-12 operators σ, τ
and are equivalent to the Lax operator (4.8) of the XXZ model with Hamiltonian
(6.8). The twisting operator coupling the two spins is given by
F (σ, τ) = eig(σ
3⊗τ3−τ3⊗σ3) (9.17)
with the needed property F12F21 = I. That makes the coupled system quantum
integrable with the Hamiltonian
Hcouple =
N∑
n
Fn n+1 (Hxxz
σ(n n+ 1) +Hxxz
τ (n n+ 1))Fn n+1
=
N∑
n
H˜στxxz(n n+ 1) + H˜
τσ
xxz(n n+ 1). (9.18)
The interacting parts read as
H˜στxxz(n n + 1) = ∆σ
3
nσ
3
n+1 + f(τ
3
n , τ
3
n+1)σ
+
n σ
−
n+1 + f
−1(τ 3n , τ
3
n+1)σ
−
n σ
+
n+1
H˜τσxxz(n n + 1) = ∆τ
3
nτ
3
n+1 + f
−1(σ3n, σ
3
n+1)τ
+
n τ
−
n+1 + f(σ
3
n, σ
3
n+1)τ
−
n τ
+
n+1 (9.19)
where f(τ 3n, τ
3
n+1) = e
ig(τ3n+τ
3
n+1) and similarly f(σ3n, σ
3
n+1) = e
ig(σ3n+σ
3
n+1) are
responsible for cubic and quartic spin interactions.
Recall that the Hubbard model may be given by the Lax operator (6.27) involving
two different spin-1
2
operators. Therefore the same twist (9.17) can also be applied
for constructing an extension of the Hubbard model. After transforming to the
fermion operators c(±)i by (6.23,6.24) one can write down the Hamiltonian of such
an integrable interacting fermion model as
H =
N∑
i
t(F−i,i+1c
†
(+)ic(+)i+1 + (F
−)−1i,i+1c
†
(+)ic(+)i−1
+ (F+)−1i,i+1c
†
(−)ic(−)i+1 + (F
+)i,i+1c
†
(−)ic(−)i−1) + U n(+)in(−)i (9.20)
where F±i,i+1 = e
2ig(n(±)i+n(±)i+1−1).
Note that in the hopping part of the Hamiltonian, one type of fermion is influenced
by the concentration of the other. Exact eigenvalue solution of these novel integrable
models through coordinate Bethe ansatz similar to the Hubbard model should be an
important problem [79].
9.5 Diffusion model as integrable system
In recent years an important connection between integrable quantum spin chains
and some one dimensional reaction-diffusion processes has been established [76]. The
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reaction-diffusion models in the simplest case is described by the probability dis-
tribution PN(τ1, τ2, . . . , τN | t) of finding certain configuration of molecules and
vacancies at time t in an open chain of N sites. The value τk = 1 denotes occupied
(molecule), while τk = 0 an empty (vacancy) site k. The master equation represent-
ing the evolution of probability distribution ∂
∂t
| P >= −H | P > is equivalent to
an imaginary-time Schro¨dinger equation, with H as a quantum Hamiltonian.
If we consider the asymmetric diffusion process involving two-body interactions
only, then the Hamiltonian may be given by
H =
N−1∑
k=1
(Hkk+1)
αβ
γδE
γα
k E
δβ
k+1 + (h1)
α
γE
γα
1 + (hN)
α
γE
γα
N (9.21)
where due to the existence of the stationary state: < 0 | H = 0 in the matrix
representation of H the sum of the elements of each column must vanish. Due to
this crucial property, for the process of partially asymmetric diffusion, we may have
(Hkk+1)
01
10 = −q, (Hkk+1)1001 = −p denoting probability of diffusion to the left and
to the right, respectively along with (Hkk+1)
01
01 = q, (Hkk+1)
10
10 = p to ensure the
required stationary state property. The boundary contributions h1 and hN describe
injection (extraction) of particles with rates α and δ (γ and β) at boundary sites
1 and N , respectively. Therefore (h1)
1
0 = −γ = −(h1)11, (h1)01 = −α = −(h1)00
and (hN)
1
0 = −β = −(hN )11, (hN)01 = −δ = −(hN )00 . After performing an unitary
transformation, which does not change the average of the observables: < X >=∑
{τ}X({τ})Ps({τ}) , we may rewrite (9.21) as the integrable spin chain model, where
along with the UQ(su(2)) invariant spin Hamiltonian (6.7) additional boundary terms
appear as
H = −√pq
N∑
n=1
σ+n σ
−
n+1 + σ
−
n σ
+
n+1 +
1
4
(Q+Q−1)(σ3nσ
3
n+1 − I)
− 1
4
(Q−Q−1)(σ3j − σ3j+1) +B1 +BN (9.22)
with Q =
√
q
p
, where the boundary contributions B1, BN contain nondiagonal matri-
ces σ± as
B1 =
1
4
√
pq
(
(α− γ)σ31 − 2ασ−1 − 2γσ+1 + (α + γ)
)
BN =
1
4
√
pq
(
(δ − β)σ3N − 2δQN−1σ−N − 2βQ1−Nσ+N + (β + δ)
)
(9.23)
The physical consequences of this Hamiltonian related to the diffusion process
have been analyzed in [131]. However, though the spin model (9.22) can be shown to
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be integrable [152], due to the lack of the reference state its exact eigenvalue solution
through Bethe ansatz remains as an important unsolved problem.
9.6 Spin Calogero-Sutherland model
In recent years due to relevance in the high Tc superconductivity, interest towards
models with long-range interactions has been enormously increased. An interesting
class of integrable models of this kind is the quantum Calogero-Sutherland (CS)
model and its spin extensions. The Hamiltonian of the spin CS model may be given
by [71, 132]
Hcs =
N∑
j=1
p2j + 2
∑
1≥j<k≥N
(a2 − aPjk)V (xj − xk) (9.24)
with [xj , pk] = iδjk , where the potential V (xj − xk) = 1(xj−xk)2 for nonperiodic and
1
sin2(xj−xk)
for the periodic model. Pjk is the permutation operator responsible for
exchanging the spin states of the j-th and the k-th particles. In the absence of the
operator Pij , (9.24) turns into the original CS model without spin.
The spin CS model exhibits many fascinating features, namely its conserved quan-
tities including the Hamiltonian exhibit Yangian symmetry, the eigenvalue problem
can be solved exactly using Dunkl operators, the ground state is a solution of the
Knizhnik-Zamolodchikov equation, the system can be viewed as the free anyonic gas
related to the notion of fractional statistics etc. [132]. The quantum integrability of
the spin CS model may be proved through an alternative set of operators L and M ,
much in common with the classical case by assuming [Hcs, L] = [L,M ] , where L˙
is replaced by [Hcs, L] in the quantum case [133]. Explicitly,
Ljk = δjkpj + ia(1− δjk)Pjkf(xj − xk),
Mjk = 2a(δjk
∑
j 6=k
PjkV (xj − xk)− (1− δjk)PjkV (xj − xk)) (9.25)
with f(xj − xk) = 1(xj−xk) for the nonperiodic and f(xj − xk) = a cot(xj − xk)
for periodic model. The conserved set of operators can be constructed as In =∑
j,k(L
n)jk, n ≥ 1 or Ian =
∑
j,k(X
aLn)jk, n ≥ 0, with Xa being the generators of
su(n) algebra. Using the crucial property
∑
j Mjk =
∑
kMjk = 0, one can show that
both In and I
a
n commute with the Hamiltonian Hcs, with I2 = Hcs. These conserved
quantities commute also with the generators of the Yangian algebra.
Remarkably, at a→ ∞ the Hamiltonian of the CS model (9.24) for the periodic
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case reduces to the well known Haldane-Shastry model [151]
Hhs =
∑
j<k
Pjk
sin2(xj − xk) . (9.26)
This discretized long-range interacting spin chain like model seems to be less well
understood and its Lax operator description difficult to find.
Using the twisting transformation (4.28) one can extend the spin CS model in the
line of [73] to have the deformed Yangian symmetry. The Hamiltonian of such models
can be given in the form (9.24) with the Pjk operator generalized to QjkPjk, where
Q12 = F12Ω12F
−1
21 with the twisting operators F12 and Ω =
∑
αβ ǫαeαα⊗eαα+eαα⊗eββ .
The parameters ǫα = ± can be related to the parity of te particles. Another form of
generalization can be made through the q-deformation leading to a relativistic spin
CS model [134]. A QYBE type formulation of this model involving R,L-matrices
also attempted in [72], though the related R-matrix found was a dynamical one.
Possible description of the spin CS model as a nonultralocal system and the
formulation of its integrability through braided QYBE, introducing Z and R-matrices
following the scheme of this review, would be a challenging problem.
9.7 Finite-size corrections in integrable systems and related
CFT
Statistical systems at critical points should possess conformal invariance. Using this
fact it is possible to extract the important information about the conformal quantum
field theory in the scaling limit of the integrable lattice models. Interestingly, from
the finite size correction of the Bethe ansatz solutions, one can determine [74] the
CFT characteristics like the central charge and the conformal dimensions.
Recall that [135] the central charge c appears in the central extension of the
Virasoro algebra
[Ln, Lm] = (n−m)Ln+m + c
12
(n3 − n)δn+m,0, (9.27)
the algebra generating the conformal transformations in two dimensions. ∆ is the
anomalous dimension of the primary fields. For the minimal models Mpp′ in CFT,
the central charge is given by
c = 1− 6(p− p
′)
pp′
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with positive integers p, p′ and finite number of primary fields. For unitary theories
one gets the restriction p− p′ = 1 yielding
c = 1− 6
ν(ν − 1) (9.28)
with integer p ≡ ν ≥ 2 leading to c ≤ 1.
One may analyze the finite size effect of the Bethe ansatz solutions like (7.19)
corresponding to the six-vertex model, but with a seam given by κ. Considering the
coupling parameter q = ei
pi
ν+1 , one obtains at the large N limit the expression
E0 = Nf∞ − 1
N
π
6
c +O(
1
N2
)
for the ground state energy and
Em −E0 = 2π
N
(∆ + ∆˜) +O(
1
N2
) Pm − P0 = 2π
N
(∆− ∆˜) +O( 1
N2
)
for the excited states. Here ∆, ∆˜ are conformal weights of unitary minimal models
and c = 1− 6κ2
ν(ν+1)
, ν = 2, 3, . . . is the central charge of the corresponding conformal
field theory.
The intriguing relation between the quantum mKdV and the spin-1
2
XXZ chain
given by equations like (8.68,8.69) frames naturally an worthy problem of finding the
conformal properties of the quantum mKdV model by suitable choice of κ and ν.
9.8 Integrable structure of CFT through quantum KdV
To capture the integrable structure of CFT, an alternative approach through mass-
less S-matrix description and based on the quantum KdV model has been proposed
recently [75],.
Note that the conformal symmetry of CFT is generated by its energy-momentum
tensor T (u) = − c
24
+
∑∞
−∞ L−ne
inu , with Ln satisfying the Virasoro algebra (9.27).
The operators I2k−1 =
1
2π
∫ 2π
0 duT2k(u) with T2k(u), depending on various powers
and derivatives of T (u) represents an infinite set of commuting integrals of motion.
The idea is to solve their simultaneous diagonalization problem, much in common
to the QISM for the integrable theory. Remarkably, this is equivalent to solving the
quantum KdV problem [136], since at the classical limit the field T (u) = − c
6
U(u)
with U(u + 2π) = U(u) reduces the commutators of T (u) to
{U(u), U(v)} = 2(U(u) + U(v))δ′(u− v) + δ′′′(u− v) (9.29)
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which is the well known Poisson structure of the KdV.
In the quantum case, defining a Miura transformation through a mKdV like field
φ(u), the monodromy matrix of the model can be expressed as [75]
Mj(λ) = πj
[
eiπPHPexp
(
λ
∫ 2π
0
du(: e−2φ(u) : q
H
2 E+ : e2φ(u) : q−
H
2 F )
)]
(9.30)
with proper normal ordering : :. Here E,F,H are generating elements of Uq(sl(2))
and πj is its 2j + 1 dimensional representation. Interestingly, the operators Mj(λ)
satisfy now the QYBE like (2.11) with the trigonometric R(λ)-matrix. The transfer
matrix τj(λ) = trπj (e
iπPHMj(λ)) commutes for different parameters λ as well as with
the operators I2k, ( which are related to the expansion coefficients of ln τj(λ)). For
the values of the central charge
c = 1− 3(2n+ 1)
2
2n + 3
, n = 1, 2, 3, . . . (9.31)
the eigenvalues of τj(λ) was found to satisfy a closed system of functional equations,
which is sufficient to derive the spectrum. Such equations are obtained from the
operator relations
τj(q
1
2λ)τj(q
− 1
2λ) = 1 + τj− 1
2
(λ)τj+ 1
2
.(λ) (9.32)
For the ground-state eigenvalues the functional equations are equivalent to those of
the thermodynamic Bethe ansatz equations for the massless S-matrix theory associ-
ated with the minimal CFT M2,2k+1.
Since the quantum mKdV model plays determining role in this approach, appli-
cation of its exact quantum Lax operator as presented in (8.58) might be promising.
Moreover, the finite-size corrections of its Bethe ansatz solution (8.68) might also be
fruitful in deriving the central charge like (9.31).
9.9 Other problems
There are important classically integrable nonultralocal models like complex sine-
Gordon [62], nonlinear σ-model [60], KdV model etc., whose quantum generalizations
remain a major open problem. It is desirable to apply the scheme for quantum
nonultralocal models presented here or its generalizations to these models.
i) KdV model
The second Hamiltonian Poisson bracket structure of the KdV field is given by
(9.29) and due to the appearance of higher derivative of δ-function the generalization
of the scheme should include more number of braiding matrices Z [92], for incorpo-
rating the nonultralocality beyond nearest neighbors.
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ii) Complex sine-Gordon model
The complex SG model is a relativistic model given by the Lagrangian density
L = 1
2g
(
∂µψ¯∂µψ
(1−ψ¯ψ)
−m2ψ¯ψ
)
, expressed through the complex scalar field ψ with canon-
ical bracket like {πψ(x), ψ(y)} = δ(x − y) and similarly for its conjugate field ψ¯.
The related Lax operator is given in the form [62]
L(x, ξ) = (m(
1
ξ
− ξ)− m
ξ
ψ¯ψ − iψ¯∂0ψ − ψ∂0ψ¯
1− ψ¯ψ )σ
3
+2i(1− ψ¯ψ)− 12
(
∂0ψ + ∂xψ − im
ξ
(1− ψ¯ψ)ψ
)
σ+ + c.c. (9.33)
where c.c stands for the complex conjugate. Due to the ∂xψ term present in the
Lax operator, the model exhibit nonultralocal property.
iii) Nonlinear σ-model
It is a relativistic model given by the action S = 1
2
∫
d2x(∂µna)
2, n2a = 1, a =
1, 2, . . . , N. The Lax operator of the model may be given by [60]
L = − λ
λ2 − 1(λA1 + A0),
~Aµ = 2[~n× ∂µ~n], (9.34)
where the Poisson brackets among the na(x) are
{na(x), nb(y)} = 0, {na(x), πb(y)} = (δab − nanb)(x)δ(x− y),
{πa(x), πb(y)} = (πanb − πbna)(x)δ(x− y), πa = ∂0na. (9.35)
The presence of the derivative in x in the Lax operator (9.34) through the term A1,
makes the model nonultralocal and quantum generalization difficult.
fig.9.1
Figure 9.1 Ladder symmetric models
a) Quantum integrable theoretical model (9.10)
b) Ladder structure of Cu2O3 layers contained in the high Tc superconducting crystals
[149]
10 Concluding remarks
Recent advancement in the theory of quantum integrable systems, to which the
present review is dedicated, have shown a remarkable interpenetration between for-
mal algebraic structures appearing in pure mathematics and the integrable theory
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of physically interesting quantum models. The quantized algebra and the quan-
tized braided algebra are found to be the important structures underlying integrable
systems, where their crucial Hopf algebra property plays a significant role in the
transition from local to global form of the quantum Yang-Baxter equation. This in
turn leads to the integrability of both ultralocal and nonultralocal systems. A major
emphasis is given here to highlight this interplay between abstract algebras in one
hand and the construction of concrete quantum models on the other. We have tried
to maintain an elementary level stressing mainly on physical insights and avoiding
mathematical rigor. The basic aim is to understand the algebraic aspect inherent to
the quantum integrable systems and to see how these formal structures can be fruit-
fully applied for constructing key objects in the integrable theory for both ultralocal
and nonultralocal systems.
A scheme for systematic generation of the representative Lax operators in ultralo-
cal models is presented. The approach in a sense is reverse to the standard QISM and
instead of starting from concrete models or known Lax operators and subsequently
deriving quantum R-matrices, it constructs the R-matrix and the Lax operator by
using abstract objects like universal R-matrix related to the quantum algebra. In-
troducing spectral parameter through an algebraic procedure one constructs for the
Hecke algebra class the Lax operator of an ancestor model. Through different realiza-
tions of the quantized algebra or its limiting Yangian, one builds up known as well as
new integrable models. A wide range of models as descendant models are thus gener-
ated from the same algebra and sharing the same quantum R-matrix. The integrable
systems are therefore classified into various classes represented by their R-matrices
and ancestor Lax operators (see fig 8.1). Due to this relationship at the algebraic
level, the diverse models like sine-Gordon, XXZ spin chain, derivative Schro¨dinger
equation, Liouville model, Ablowitz-Ladik model etc. show remarkably common fea-
tures at the action-angle level, reflected in their eigenvalue solution through algebraic
Bethe ansatz. The intriguing question of finding the criteria for the nonlinearity that
makes a system integrable, seems also to be answered by the specific form of realiza-
tion of the algebra related to the ancestor models. A general realization in bosonic
field ψ, ψ† of such ancestor model belonging to the trigonometric class may be given
by the L operator found in [95], while the L operator of [140] is a similar realization
in the rational case.
Lattice regularization of the field models required for tackling ultraviolate di-
vergences often becomes a nontrivial task, even for deriving integrable models with
required approximation. The present construction on the other hand yields, exploit-
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ing the underlying algebra determined by the QYBE, integrable lattice models exact
in all orders of the lattice constant ∆. One of the drawbacks of this scheme however
is that, for wider class of models with nonsymmetric Lax operators belonging to the
extended trigonometric Sklyanin algebra, the universal R-matrix solution could not
be found. This should therefore be an open problem to be solved. Similarly general-
ization to include other algebras like rotational, projective as well as supersymmetric
algebras would be important directions.
Due to the recent development in formulating braided extensions of the QYBE,
the integrable theory for quantum nonultralocal models, which include important
models like quantum mKdV, nonabelian Toda chain, WZWN model, anyonic models
etc. can now be presented in a rather unifying way (see fig. 9.1). The formulation
is almost similar to the well established theory for ultralocal models, though many
aspects in this regard need further refinement. Such derivation of known examples
from a general scheme by particular choices of braiding matrices Z and Z˜ seems to
suggest also a possibility for their nontrivial extensions. For example, choosing Z˜ 6= I
in the reduction for the WZWN model, one is likely to obtain generalizations of the
known current algebra.
A distinguishing feature of this review perhaps is its parallel treatment for both
ultralocal and nonultralocal quantum models emphasizing their algebraic aspects,
integrability, and interrelations. An extended list of concrete physical models of both
these classes are provided with details of their constructions and solutions. After
constructing systematically the representative Lax operators from more fundamental
level, the next task is to derive the Hamiltonian of the concrete models starting
from the Lax operators and then to solve the eigenvalues of this Hamiltonian along
with other conserved quantities. In constructing Hamiltonian we have focused on
different methods adopted for fundamental and nonfundamental models in concrete
examples. Likewise, the specialization required for the Bethe ansatz solution for
handling integrable field models, e.g. SG or DNLS models from that of the lattice
models like spin chains are highlighted. Similarly, in presenting Bethe ansatz method
for solving exactly the eigenvalue problems, both its algebraic as well as coordinate
formulations are described on the same set of models with comparison. This is done
to bring out the deep relationship between these two fascinating methods and also
for better understanding them.
The depth with which the ultralocal systems can be treated is still not possible
with nonultralocal models in the quantum case. For example we are not able to
generate yet systematically the Lax operators for nonultralocal models from more
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fundamental objects like universal R-matrices or ancestor models. Full theory should
also be able to describe all models with arbitrary braiding and in particular should
cover well known models like quantum KdV, chiral models, nonlinear σ-models, com-
plex sine-Gordon model, Calogero-Sutherland models etc.
Since the subject is evergrowing, many interesting recent developments are tak-
ing place with yet new problems opening up. We have provided in the last section
a brief account of some of such recent progress, which can be understood based on
the material presented in the review. We also indicate in this section various open
problems and desirable directions stemming from the recent results.
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